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Finite plane strain bending is solved for a multilayered elastic—incompressible thick plate. This multilay-
ered solution, previously considered only in the case of homogeneity, is in itself interesting and reveals
complex stress states such as the existence of more than one neutral axis for certain geometries. The
bending solution is employed to investigate possible incremental bifurcations. The analysis reveals that
a multilayered structure can behave in a completely different way from the corresponding homogeneous
plate. For a thick plate of neo-Hookean material, for instance, the presence of a stiff coating strongly
affects the bifurcation critical angle. Experiments designed and performed to substantiate our theoretical
findings demonstrate that the theory can be effectively used as a design tool for predicting the capability
of an elastic multilayered structure to be subject to a finite bending without suffering localized crazing.

Keywords non-linear elasticity, neutral axes.

1. Introduction
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Finite bending of plates is a phenomenon common in natamein engineered procességlthough
platessuffering finite bending are often made up of lay&tsetheory of finite elastic bending has been
developed only under the assumption of homogeneity (Rit®49; Truesdell & Toupin 1960;Green

& Zerna, 1968;Lurie, 2005) . Moreover, while certain elastic multilayers can be bent until the tubular
shape is reached without any appearance of inhomogeneities, crazes develop for other systéms (Fig.
and also Figl4), severely decreasing the elastic deformational capability.

Since these crazes can be interpreted as bifurcation modes localized near the surface, the bifurcatio
analysis becomes an important tool for design purposes. However, theorétieakdfyllidis, 1980;
Dryburgh & Ogden1999;Haughton,1999;Bruhnset al.,2002,2003; Coman & Destrade2008) and
experimental Gent & Chq 1999) approaches to bifurcation of plates subject to finite bending have
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1For instance, leaves are often subject to large bending for various reasor@inguicula leptocerasurls its leaf to trap
insects, thé&Seranium pratensepod suffers a strong bending when seeds are dispersedramiheadeaves deform into a tube
to resist dehydratation. Moreover, arteries unfold when cut longitudinally, thus showing that the internal stress state developed
during morphogenesis is compatible with a finite bending.

2Bendingis important in metalworking techniques and tissue-engineered blood vessels in which the internal fibroblast sheets
are ‘wrapped’ around a tubular support (L'Heureabal., 2006). In microelectronic devices, we may mention that flexible solar
cells (made up of layers, one of which containing 3D nanopillar-array photovoltaics) have a 4 mm thickness and are subject to
bending up to a curvature radius of 3 cm (Fedral.,2009).

SLeaves, arteries and the flexible solar celafet al.,2009) are complex structures composed of at least three layers.
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FiG. 1. Crazes on the surface of a rubber strip subject to finite bending.

only been considered under the assumption of material homogeneity. Therefore, the aims of the present
article are

(i) to provide an analytical solution to finite bending of an elastic multilayered thick plate deformed
under the plane strain constraint;

(ii) to analyse and solve the problem of 2D bifurcations possibly occurring during bending;
(iii) to validate our theoretical approach with experiments.

The solution for finite bending of an elastic multilayer discloses the complex stress distributions
that can be generated inside such structures as a result of large strains. For imataecéaan one
neutral axismay be presefit(Fig. 5) and weakly stressed layers may ‘bond’ a highly stressed one
(Fig. 6). The determination of these stress states is of great importance in the design of multilayered
structures, but then the question arises if such configurations can be achieved without encountering a
previous bifurcation. In fact, one conclusion of the bifurcation analysis is that there is a strong difference
between bifurcation loads and geometries when homogeneous structures are compared with the corre-
sponding layered structures. For instance, a stiff and thin coating reinforcing an elastic layer strongly
decreases the bifurcation bending angle of the uncoated structure, a finding fully consistent with the
solutions obtained employing a surface coating moddbiyburgh & Ogden1999) andGei & Ogden
(2002).

Experimentally, bifurcations of homogeneous elastic strips subject to bending have been investigated
only by Gent & Cho(1999), although the experimental setting is not particularly complex. To extend
their analyses to the case of layered plates, we have designed a simple device to impose a bending
angle to elastic strips on which bifurcations in the form of crazes can be detected by direct visual
inspection. To highlight our findings, we anticipate our experimental results (that will be detailed in
Section?7) in Fig. 2, where the critical bending semi-angt&J at bifurcation is reported versus the
aspect ratio of the samples (three uncoated rubber strips and ten coated strips with two coatings always
situated at the tensile side of the structure). Experiments reveal that the trend predicted by tRe theory
is qualitatively very well followed, while quantitatively experimental values of the bifurcation angles
result often sligthly lower than the theoretical predictions (a result consistent with the observations by
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4In our examples, we have found situations with two (Hipand three (Fig5) neutral axes. More than one neutral axis can
occur as induced in a multilayer by thermal loadings or residual stresse€lise£998; Chuang & Lee 2000), in our context
they occur under pure bending loading as a consequence of large strains.

5Surprising|y, the fact that the critical angle at bifurcatilppversus the initial aspect ratig/ hg for an (uncoated) elastic thick
plate is well approximated by a straight line and yields the simple forn4 lfas passed unnoted until now. Unfortunately,
the situation for multilayers is more complicated and linear approximations are possible only in special cases, for instance, those
reported in Fig2, but not that reported in Fi@.
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FiG. 2. Experimental results versus theoretical predictions for the bifurcation opening semigngfeuncoated and coated
rubber strips subject to finite bending versus the aspect gtiog of the undeformed configuration. Theoretical predictions

for neo-Hookean materials are indicated with solid lines marked with ‘diamonds’, ‘stars’ or ‘small circles’, denoting transitions
between values of the parametersetting the circumferential wave number of the bifurcation mode, equdign The shear

moduli ratio €92, (3Y) of the coated layers has been taken equal to 500, while two thicknessl’rgl??'& h(()coat) equal to 20

and 10 have been considered. The critical theoretical configuratiodsgﬁpr/ hécoat) = 20) corresponding to bifurcation points
Q; (i =1,...,4)are sketched in the lower part of the figure.

Gent & Cho,1999). The fact that experimental results substantiate theoretical predictions allows us to
conclude that bifurcation theory can be successfully employed to predict the deformational capabilities
of a composite plate subject to finite bending.
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2. Notation and governing equations

The notation employed throughout the present article and the main equations governing equilibrium in
finite and incremental elasticity are now briefly recalled. X®tlenote the position of a material point

in some stress-free reference configuratByof an elastic body. A deformatiafiis applied, mapping
points of By to those of the current configurati@indicated byx = &(x°). We identify its deformation
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gradientby F, i.e. F = Grad¢, and we define the righC, and the leftB, Cauchy—Green tensors as
C=FTFandB=FFT.

For isotropic incompressible elasticity, the constitutive equations can be written as a relationship
between the Cauchy stressandB as

T=-zl+a1B+a_1B™L, detB=1, (1)

wherer is an arbitrary Lagrangian multiplier representing a hydrostatic pressure@mdio_; are
coeficients which may depend on the deformation.

Alternatively, the principal stress& (i = 1,2, 3), that are aligned with the Eulerian principal
axes, can be obtained in terms of a strain-energy funstiomhich can be viewed as a function of the
principal stretched; (i = 1,2, 3). In the case of an incompressible material, these relationships take
the form (index not summed)

OW(41, 12, 43)
1 a/‘[‘l s
Equationq1) and @) are linked through (Bigoni & GeR001):

1 [a&—nni_m&—nﬂé

TT=—7m+4 A1d243 = 1. (2)

M="53 2_ 2 2_ 2
A=A 1A% A3 — 13 3)
1 |:T1—T3 T,—Ts
C-1="5 5|52 _,2 52_21|°
A= A5 A1 —4A5 A5—45

thatallow to express coefficients; anda_j in terms of the strain energy of the body.

In the absence of body forces, equilibrium is expressed in terms of the first Piola—Kirchhoff stress
tensorS= JTF~ T asDivS= 0.

Lossof uniqueness of the plane-strain incremental boundary-value problem is investigated, so that
incremental displacements are given by

ux) = &), )
where,as in the following, a superposed dot is used to denote a first-order increment. The incremen-
tal counterpart of equilibrium is expressed thy 2 = 0, where the updated incremental first Piola—
Kirchhoff stress is given by
Z=S8F", S=TF T-TLTF . (5)
Thelinearized constitutive equation is
X =CL-xl, (6)
whereL = gradu andC is the fourth-order tensor of instantaneous elastic moduli (possessing the major
symmetries). Incompressibility requires thet = 0. SinceX = T — TL', the balance of rotational
momentum yields¥'12 — X217 = ToL12 — T1L21 anda comparison with@) shows that (no sum on
indicesi andj)
Gijji + Ti=Cjiji G #J). (7)
For a hyperelastic material, the component€£afan be defined in terms of the strain-energy function
W. For the plane problem addressed here, their explicit form will be given in Sextion
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3. Finite pure bending of an elastic layered block

The solution for pure bending of an elastic layered thick plate made 0 lafers follows from ‘as-
sembling’ solutions relative to the bending of all layers taken separately, a solution first giRivliby

(1949). Therefore, we begin recalling this solution now with reference to a generic layer, denoted as the
sth. To this purpose, we consider plane-strain flexure of an incompressible rectangular elastic layered

plate of initial dimension$ x hg (see Fig3(b)).

3.1 Kinematics

In the reference stress-free configuration, a Cartesian coordinate 9§tedi® 9 x3® is introduced
for each layer, centred at its centroid (see Bi@)). Denoting bya,-O (i =1,2,3) the common cartesian
basis, the position of the generic pok¥® is given by

x06) — XS(S)e(l) + Xg(s)e(z) + Xg(s) 0 ®)
with
X e [-h$/2,h /2], X0 € [~lo/2.10/2]. 3 € (=00, +00). ©)

The deformed configuration is a portion of a cylindrical tube of semi-afglds useful to introduce
here a cylindrical coordinate syste®®r 9z with basise , & ande,, where points of theth
layer are transformed to points identified by

r® e [ri(s), ri(s) +h®], 69 e[-0,+8], Z e (-0, +00).

y Y . S 3
/|
X e
EC O‘s’ > . —
(1l
i u A2
hy h' b hY
-—
DRI
s-th layer in the Reference Deformed
reference config. configuration configuration
(a) (b) (c)

FIG. 3. Sketch of a generic layered thick plate subject to finite bending.
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The deformation is prescribed in a way that a plane at conm%(ﬁttransformsto a circular arc at
constant ®, while a plane at constalxg(s) transformgo a plane at constaftS . The out-of-plane de-

formation is null, so thaxo(s) 2. The incompressibility constraint (conservation of areas) imposes
that

© 1ohY o
r = — -,
I 20h®) 2

(10)
whereh® is the current thickness of the circular sector, to be determined. The deformation, in this
condition, is described by functions

r(S) l,(S) (XO(S)) 9(5) — G(S) (Xg(s)), Z(S) — Xg(s), (ll)
sothat the deformation gradient takes the form

ar ® do®
FO = 05 @ & +r® 05 & S+e0e. (12)
1 2

Theright and left Cauchy—Green tensors are

dr © A9\ o 0, 0.0
C(S):(m) el®e1+((s> S e2®%+e3,®e3,
dx; dx;

) ) (13)
® dr® s 40
BY=| 55 ) evea+{r¥ g ) ¥0e +eve,
dx, dx,
sothat we identify the principal stretches to be
dr® de®
A = A =r®—— and 29 =1 (14)

r— ,,00)° 0 - 0(s)
dx; dx,

Impositionof the incompressibility constraint reduces the deformation to the simple form

2
(s — 0(s) 6] (5)0(s)
eV +59, 0 aTX (15)

sothat, using {1), the principal stretches can be evaluated as

1
() — © _ 66 () —
Ay = oo Ay =ar and ;7 =1, (16)

wherea® andp® areconstants which are fixed by boundary conditions. Fosthdayer of a multil-
aminated, these are

o atxd® = +15/2,00 = £0; from (15), O = +a®l/2, yielding

a® = % (17)
lo’

notethata® is independent of the index
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o atx?® = _h$/2,r® =r; from (10) and (5);, r¥ =r®(=h® /2), yielding

loh$”

6 =& L C0
p ! 20

(18)
Sincethe N layers are assumed to be perfectly bonded to each other asthtteer has current
thicknessh®, we have

r® =P 4heD s=2,...,N), (19)

with ™ given byr™ = 15h$" /(26h®) — h®) /2 (see (10)). A repeated use df) and (19) provides
all thicknesse$1® (s = 2,..., N) expressed in terms of the thickness of the first ldyét, which
remains the sole kinematical unknown of the problem, determined from the solution of the boundary-
value problem described in Secti8rR.

Since (19) is imposed at each of tH¢ — 1 interfaces between layers, all radial coordinatés
sharethe same origirD of a new cylindrical coordinate syste®r6z, common to all deformed layers
(Fig. 3(c)); therefore, indes on the local current coordinates will be omitted in the following so that
the deformed configuration will be described in terms of the global sySiefiz.

As a conclusion, the kinematics provides all the stretches in the multilayered which can be repre-
sented as

Ar = %, Ao = zlior and i;=1, (20)

andthe current thickness of thsth layer,h®, as a function oh®~1, namely

(s=2,...,N). (21

_ _ 2
O loh$™  he-D Ih$™Y  heDY) " 1oh®
~ 20hGTD 2 20h(=1) 2 0

Therefore, all current thicknesses are known once the thickness of the firsH@yeig known.

3.2 Stress

We are now in a position to determine the stress state within the multilayer. In particular, the Cauchy
stress tensor in generic laygcan be written as

T9=T% gea + T, 790 + TV ®e, (22)

where,from the constitutive equationg),
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TO® = -2 4. T = —2® 4. , 23
r /4 + Ar 6;{r B 0 T + 49 8/19 ( )
®
T = g0 W
z 9z
Az=1
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Sincestretches depend only enthe chain rule of differentiation

d- 0- di 0- diy

— = —— 4+ — — 24

da oA dr +aig dr”’ (24)
togethemwith (23) and the derivatives of stretches with respectc¢alculated from (16), can be used in
the equilibrium equations

(s) (s) (s) ()
o T -7, T,
=0, =0 25
or + r 00 (25)
to obtain the identities
dw® T(s) _ T(S) dT, (s)
=—- 0 ——T (26)
dr r dr
Thereforejdentifying 1¢ with 1, we arrive at the expression
TO0) =WOU(r) +7©, (27)
where
WO (A(r) = WO (L/20), A(r), D), (28)
so that from 25);, we finally obtain
20 . R
o) = o (WOY + WO 4, ©), (29)
0

wherethe prime denotes, now, differentiation with respectitand y ® is an unknown integration
constant.

Constanty ® (s = 1,..., N) and thicknes&) canbe calculated by imposing: (i) continuity of
tractions at interfaces between layel$ £ 1 equations) and (ii) traction boundary conditions at the
external boundaries of the multilayer (two equations). Considdxirgyers, the traction continuity at
the interfaces is written as

TV +hE D) =TOC®) (s=2.....N), (30)
while null loading at the external surfaces of the multilayer yields
TOeH =0, T™E™ +hN) =0 (31)
Thereforey (N) canbe calculated from31),
y N = WM™ + hMNy), (32)
while employing B0), we obtain the recursive formulae
yE D =WOGED) —WEDUED) +7© (s=2,...,N). (33)

Considering now (31) and evaluatingy  from (33) written fors = 2, we obtain an implicit
expression to be solved fofV

WP @)) = WOGr D) + WO M) +7@ =0, (34)

whereh®@ andy @ arefunctions ofh® through(21) and 83), respectively.

Note that if the strain-energy function is the same for all layers, the multilayer corresponds to a

homogeneous elastic block with thickness equal to the sum ¢f@Jl in this case, (33) shows that
y©® =y (N for everys, and the uniform layer solution is recovered.
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4. Examples of multilayered plates under finite bending

The solution obtained in the previous section is interesting in itself and can be easily used for design
purposes since it allows determination of the complex stress and strain fields within a thick, multilayered
plate, when subject to finite bending. To highlight the usefulness of the solution, we present a few results
for finite bending of an elastic thick plate, coated with a thin and stiff layer, and of a three- and five-
layer structures, assuming a neo-Hookean behaviour for both materials.

Deformed geometries for the coated layer (Withhg=2, hgay) /h°— 10 andu ©02t)/ 4, (2) = 20)
are shown in Fig4, together with graphs of the dimensionless Cauchy principal str@s@eg x (&)

1

. TU ,,'uﬂey), Tr /”(J‘HVJ

I/h,=2
hu(lay)lhe(caar) = 1 O
choaf}',luﬂaw =920

e 0 =2.44 rad
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Tu Il p—(a‘ayj !Tr !“(’ﬁyJ

FiG. 4. Undeformed (centre) and deformed (upper and lower parts) shapes and internal stress states for finite bending of neo-

Hookean coated plates with/ hg = 2, hgay) /hgcoat) = 10 andu(©0a/,(ay) = 20. Dashed lines represent the neutral axes.
Note that in the picture in the lower part on the right, the neutral axis is almost coincident with the interface between the two
layers, while on the left two neutral axes are visible. Note the scales of diagrams for dimensionless stresses.
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I/h, =1
h,"h,*=5
h,“/h," = 5
u(ﬂ)‘f“(b) =20
u(h)/u(n) =20

material (a)
material (b)
material (¢)

FiG. 5. Finite bending of a neo-Hookean three-layer plate showing three neutral axes.

andTy(r)/1 ). The deformed configurations plotted in the upper part of &igprrespond to critical
configurations at bifurcation (see Sect®nwhile those reported in the lower part lie beyond the critical
bifurcation threshold, so that they are reported only with the purpose to show the evolution of the
solution of finite bending for very large angles. Note that the transverse stress is always compressive,
while the distribution ofTy(r) strongly depends on the stiffness of the layer under consideration and
gives a null resultant, so that it is equivalent to the bending moment loading the plate. For all cases,
the neutral axis (the line corresponding to vanishing circumferential stress) is drawn, showing the effect
of the coating on the global stress state. Note that in the lower figure on thenefheutral axesire
visible. This is an important feature, which is also investigated in Bigeferred to a three-layer plate.
In this structure, where the initial aspect ratio is 1, the shear stiffness contrast is 20 and ratio between
layer thicknesses is fhree neutral axebecome visible starting from a bending semi-angle ¢f, 56
that to give evidence to this effect a bending semi-angle di90nposed in Fig5.

Finally, a complex situation with five layers with initial aspect rdtjohg = 4 is reported in Fig6,
where three configurations are shown at different bending adgl@be layers are made up of two
materials,(a) and (b), such thahéb)/héa) =35andx®/u® = 10. As in Fig.4, the two principal
components of the Cauchy stress are drawn. A peculiar feature of the stress state is the positive sign of
the circumferential stresg (r) in the inner, stiff layer, to be compared to the negative sign in the two
adjacent layers. This situation once more confirms the presence of two neutral axes, one of which in this
case is ‘virtual’, in the sense that it is obtained joining the ‘peaks’ of the diagram of the positive stresses.

5. Incremental bifurcations superimposed on finite bending of an elastic layered block

The goal of this section is to address the plane-strain bifurcation problem of the multilayered thick
plate subject to finite bending, considered in SecBoWe begin by analysing the incremental field
equations for an isolated layer and we continue formulating the multilayered problem by adding the
relevant interfacial and external boundary conditions. We ref@eio& Ogden(2002) for the notation.
The gradient of incremental displacemeiix) is
g —

u u ur +u
L=ur,ra®er+r’feer®ee+uaree®er+%“ee®ea, (35)
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T/ I/, = 4, h,"h,® =35 ™ =10
M M il f T,/ Fm
% 0 T,/ T,/
. T, /u"™
® o
— AT,
Tr "‘“’m | T,l'pm] Tr"lllm

material (a) /
material (b)

6 =0.52 rad 0 =n/2 rad 0=244rad

FiG. 6. From left to right: undeformed and progressively more deformed shapes and internal stress states for finite bending

of a neo-Hookean five-layer plate with/hg = 4, hgb)/hg") = 35andu@®/,® = 10. Note the scales of diagrams for
dimensionless stresses.

and the incompressibility condition (t= 0) can be written in polar coordinates as
Furr +Ur +Upg = 0. (36)

For an incompressible isotropic elastic material, the components of the constitutive fourth-order
tensorC (see (6)) can be written as function of two incremental moduli, denetadd « ., that depend
on the deformation. The non-vanishing component§ afay be expressed as

Crrrr = Cogoo =21+ + P, Coror = u — 1,
(37)
Crorg=u+1, Crogor =Corro=pn~+0p,

where

Ty—T, T
r=to-Tr S T+l
2 2

describe the state of prestress. For hyperelastic mategialsd «. can be given in terms of the strain-
energy functionV (1) as

A 2%+ 1dW AfdW  dPW
= — s=-—+1—). 39
“ 2(/14—1d/1)’ “ 4(d/1+ a2 (39)
The incremental constitutive equations in terms of the incremental first Piola—Kirchhoff stress tensor
can be written as

(38)
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. . Ur + Uge
er =T + (Zlu* + p)ur,ra 290 =-T + (Zlu* + p)%a
(40)

Urp — Ug Ur g — Ug
o= (u + F)% + (4 Plor, Zor = (u+ p)% + (i — Nugy.
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A substitution of 40) and the use o£6); in the incremental equations of equilibrium

1 2 — 2
Zrrr + r—zrﬁ,ﬁ + Nfgg =0,
(41)
1 Zor + 2
Zorr + ere,e + y =0,

yieldsthe incremental equilibrium equations expressed in terms of incremental displacements and in-
plane mean stress

2 210,
Ml Ur,r + (P =+ 2p04)Ur rr

Tr = [(p+2ﬂ*),r +

Ur,00 — Uy, Ug,ro
+(,U+F)rr—2+(p+,u) rr , (42)

. Ur,g — Ug
rg=[(u—"I)r+u—1T] (Ue,r + rr—) +r(u—Mugrr + (1 —2u:)Urpor.

We seek bifurcations in the following separable variables form
ur (r,d) = f(r)cosné,
Ug(r,8) = g(r)sinnd, (43)
z(r,0) =k(r)cosnd,

where f (r), g(r) andk(r) are real functions and is a real number to be determined by imposing
boundary conditions.
Consideration of the incompressibility constraint

o (f4rf)
9——T, (44)

andsubstitution of representation43) into @42) yields

f,

2D E(1—n2
k’:Df”Jr(C,HrD,,JrCJF )f@&

r2

2 F F 1-n?F
kzgf///_l_"i_—zscrf//_i_(_z_D) £ _ 2n s
n n n n r

(45)

wherea prime denotes differentiation with respectrtand in terms of incremental modyli and .,
andstrain-energy functiolV (1), the coefficient, D, E andF can be expressed as

Cepp dw - A PW 2 dw
THTE T A T T ET e T A1 )
(46)
5 dw
E—u+rl F=rC,+C.

T4 1dxn
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By differentiating @5), with respect ta and substituting it into45),, a single differential equation

in terms of f (r) is obtained
Créf” + 2(F +2C)r3f” + [(rF) r + 4F — 2n?D]r2{”

47
+[(rF —2rn?D); — 2F]rf’' + (1 - n®)(F —rF; —n’E)f = 0. “

Equation(47) defines the functior (r) within a generic layer. Oncé(r) is known, the other functions,
g(r) andk(r), can be calculated by employing (44) artb),, respectively. The set of all functions
f©(r) (s = 1,..., N) can be obtained imposing the continuity conditions at the interfaces and the

boundary conditions at the external surfaces.
Continuity of incremental tractions and displacements at interfaces corresponds to

(s) — qy(s+D) (s) _ D
Ur I’:l’és) = r:ri(s+l) ’ ue r:rés) B ug r:fi(SH) ’
48)
©) (st © (st (
2rr & = 2rr ‘r:r-(S“) s Zor r=r® 2or P N
wherer® = r® 4+ h® or, in terms of functions defined img),
(s) — f(s+1) (s) — (st
f r=r® f r=r&tH’ 9 r=r® 9 r=r&H”’
’ _ 1 (8) _ /1 (s+1)
(P2t =K = (P2 =k ),
1 (s) 1 (s+1)
[Cg/——(nf +g)(p+ﬂ)] = [Cg’——(nf +g)(p+u)] (49)
r © r (s+1)
I=re r=r;

For dead-load tractions on the external surfaces, the boundary conditions Bﬁ:l) andr = réN)
are

SO0 0, MM

r—r® =0, (50)

r:ri(l),réN) N

or, equivalently,
{(p+2u) f =KD M| _q) ) =0,
i ole

(51)
=0.

r:ri(l),réN)

](l),(N)

1
[Cg’ - r—(nf +9)(p+ )

On the boundarie® = +6, we require that shear stresses and incremental normal displacements

vanish, namely

(s) _ (s) _
10 0=+ 0. Uy ‘H:j:é =0, (52)

acondition which is achieved if sind = 0 (see (43)) or, equivalently, using (17), if
2mr

n=—— (meN). (53)
alg
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Sinceour objective is to employ a numerical method to evaluate the critical angle for bifurcation
Oer, it becomes instrumental to rewritéd®) as a linear system of first-order ordinary differential
equations. This and the procedure to derive numerically the bifurcation condition is described in
Appendix A.

Equation (A.15) provides the critical angle for bifurcatig, for a multilayered elastic plate subject
to bending in terms of initial aspect ratios and stiffness contrast between layers. Once this angle is

known, equation (2Q)yieldsthe critical stretchlc, = Zécrri(l) /lo.

6. An example: bifurcation of a bilayer

Although our analysis covers the case oNdayer system, we will limit examples to the simple ge-
ometry of a two-layered system, also experimentally investigated, where one of the layers is taken thin
and rigid with respect to the other, so that it acts as a sort of stiff coating. Both layers are made up of
neo-Hookean material (for which the response always remains elliptic).
The critical anglés; andthe critical stretchi, (atthe compressive side of the specimen) at bifurca-
tion are reported in Figg and8 as functions of the aspect ratigy hg (unloadecheight of the specimen
is Ig andglobal thickness ifg, see Fig.3), for the thickness and stiffness ratlu{#ay)/ h(()coat) =10and
w(e0at/, (ay) — 20 respectively. In the figures, bifurcation curves are reported for different values of the
integer parametan which, through $3), defines the circumferential wave numbeObviously, for a
given value otg/ hg, the bifurcation threshold is set by the valuenoproviding the minimum (or maxi-
mum) value of the critical angle (or stretch). The difference betweenfagsi8 is that the coating layer
is at the tensile side of the specimen in the former case while it is at the compressive side in the latter.
In the same figures, also the threshold is reported for surface instability of the ‘soft’ layer material
(Asurf & 0.545, seeBiot, 1965). It can be deduced from the figures that a diffuse mode setting the
bifurcation threshold always exists before surface instability, for each aspedbyati§. It is important
to observe that the occurrence of the critical diffuse mode is very close to the surface instability when
the coating is located at the tensile side of the specimen Tigvhile the two thresholds become well
separated in the other case, namely, when the coating is located at the compressive s8)ie{fig)is
because, in the latter, bifurcation takes place with a buckling-like mode in the coating, then occurring at
a limitated axial stretch in the stiff layer. We can also observe fromF(§ig. 8) that forlp/hg > 10
(for I/ hg > 6), the coated structures can be bent to the annular configuration without ‘encountering’
any instability.
Some typical configurations and stress distributions at bifurcation correspondigithto= 2 in
Figs 7 and8 (indicated by small ‘square symbols’ on the bifurcation curve) are sketched i Fag.
both positions of the stiff layer.
The critical angle at bifurcation is reported in Figsnd10 as a function of the aspect ratigy ho

for two values of coating thickneslsgay)/ hgcoat) = {10, 20}when the coating layer is on the tensile and

on the compressive side, respectively. In the same figures, the case of the uncoated layer is also reported

for comparison.

Note that results reported in Fig.are similar to those reported in Figsince the coating is in the
same position, though the stiffness ratio between coating and layer is different and equal to 20 in the
former case and 500 in the latter.

For a single elastic blocKriantafyllidis (1980) claims that surface instability occurs before diffuse modes, @uaan &
Destradg2008) on the contrary demonstrate that the first instability mode is diffused. However, the two points of view can be
reconciled since for a single layer the surface instability and the instability in diffused modes are very close and may be taken to
coincide in a first approximation.
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FiG. 7. Critical angleder and critical stretchicr (evaluated at the internal boundary= ri(l)) versus aspect ratilg/hg of a 5

neo-Hookean coated bilayer subject to bending \}vgﬁy)/ hgcoat) = 10 andg(©0aV, (@) — 20. The coating is located at the
tensile side. In both plots, a small circle denotes a transition between two different integer valndthefparameter which
sets the circumferential wave number). The small ‘square’ on the bifurcation curve indicates the configuration studiet] in Fig.
top-left position.
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FIG. 8. Critical angledr and critical stretchicr (evaluated at the internal boundary= ri(l)) versus aspect ratilg/ hg of a
neo-Hookean coated bilayer subject to bending \hgﬂy)/ hécoat) = 10 andg(©°aV,(ay) — 20. The coating is located at the
compressed side. In both plots, a small circle denotes a transition between two integer vaiy#segbarameter which sets the
circumferential wave number). The small ‘square’ on the bifurcation curve indicates the configuration studied jndgigight
position.
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FiG. 9. Comparison between the critical anglg at bifurcation versus aspect ratigy hg of two neo-Hookean coated bilayers

subject to bending with coating at the tensile side witf°ab; (18 = 20 andhgay)/ hgcoat) = 10 and 20, respectively. In every

curve, a small symbol denotes a transition between two different integer valore@re# parameter which sets the circumferential
wave number). Bifurcation angles for a single, uncoated layer are also reported.
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FiGc. 10. Comparison between the critical angle at bifurcation versus aspect ratig/ hg of two neo-Hookean coated bilayers

subject to bending with coating at the compressed side witA2Y, (&) = 20 andhgay)/ hécoat) = 10 and 20, respectively.
In every curve, a small symbol denotes a transition between two different integer valoegtted parameter which sets the

circumferential wave number). Bifurcation angles for a single, uncoated layer are also reported.
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screw loading device| i\

FiG. 11. Device used to impose finite bending (of a semi-afgigual to 25 on the left and to 450n the right, with reference
to Fig. 3) to coated and uncoated rubber strips (an uncoated 100 x 4 mn® rubber strip is subject to bending in the photo).
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FIG. 12. Uniaxial tests on and material characterizations of the natural rubber and the polyester film employed in the specimens.

Note that the neo-Hookean interpolation has been selected to be valid only within the ‘range of interest’ to experimentally detected
bifurcations.
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It is evident from the figures that the bifurcation solution for a single layer is approximated by a
straight line, so that we can write down the approximated solution

which has passed unnoted until the present work.

We may also note that a linear relation betwégrandlg/ hq is also evident in the cases of Figs
7 and9, while such a linear relation holds only at high value$gghg in the cases of Fig8 and10.
Moreover, the inclination of such lines depends on the elastic and thickness contrasts between layers, s
that a simple formula like54) is hard to be obtained.

PeojuMmo(

7. Bifurcation experiments on coated and uncoated rubber strips

To substantiate our theoretical results, we have designed and performed experiments, foIIowmg
the approach initiated bgent & Cho(1999) (see als&ent,2005). In particular, we have imposed
a finite bending to uncoated and coated elastic strips (made of natural rubber), employing the device®
shown in Fig.11, in which a rubber strip is glued to two metallic platelets along the longer sides (using
Loctite ©) and these platelets are forced to impose a bending to the strip, using a simple screw-loading 5
device. Two different coatings have been tested, both realized using 0.2 mm thick polyester transparen
films (commercial copier films), glued singular or double (using Loc@ifeto the rubber strip. During
finite bending, the appearance of crazes has been detected by direct visual inspection.

The natural rubber and the polyester films (4 dog-bone shaped standard 1SO 5277-1/18A 30
mm? sampledor each material) have been tested under uniaxial stress, thus obtaining the results showng
in Fig. 12, where the true stress is plotted versus the stretch. It may be interesting to note that, while %
the response of the rubber is typical of these materials, the stress/stretch curve of the polyester film
is highly non-linear, exhibiting a peak and a softening regime. In the plots, the interpolation with the
neo-Hookean material selected for the calculations is also included (giflRg ~ 1 kN/mm? and
1(©0 ~ 500 kN/mm?). This interpolation curve may seem poor at a first glance, but we should point
out that all the bifurcations found in the experiments have occurred with maximum stretches ranging ¢
between 1.52 and 1.9 (1.38 and 1.64 for samples with thick coating) in the rubber and between 1.02§
and 1.04 (1.01 and 1.02 for samples with thick coating) in the polyester. For this reason, the selected=
neo-Hookean interpolation is much more accurate than it may appear and is taken valid either in tensions!
or in compression.

The progression of bending is shown in FI, referred to a 2& 4 x 100 mn rubberstrip coated
with two 0.2 mm thick films (in which the larger dimension is that out-of-plane, taken sufficiently large
to simulate the plane strain condition). At a certain stage of finite bending, namely, at a certain bendmg
semi-angldy, crazes can be detected to appear on the surface of the sample. This circumstance has beefd
identified with appearance of small wavelength bifurcatiarsdcompared with theoretical predictions 3
for uncoated layers and for layers with a stiff coating at the tensile side of the specimen.

Details of the surface of the block suffering compression are reported id4&j.different bending
semi-angles (30 40°, 50°) from which we may note that crazes appear at an opening semi-angle lying
between 30and40°.
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"Theoreticalpredictions indicate that the critical mode is always a diffuse mode, which—for obvious reasons—cannot be
detected by direct visual inspection. However, for the geometries tested by us (an uncoated layer and layers coated at the side
under tension), this mode is very close to a high-wave number mode, which is that detected by visual inspection.
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FIG. 13. Finite bending of a 2& 4 x 100 mn? rubber block coated with two polyester 0.2 mm thick films, imposed with the
device shown in Figl1l. From the top to the bottom, left to right: specimen before loading; specimen bent at a semi-angle of 30
(crazes are still not visible, see the detail reported in E; specimen bent at a semi-angle of 46razes become visible, see

the detail reported in Figl4); specimen bent at a semi-angle of §érazes invade the whole specimen, see the detail reported in
Fig. 14).

FIG. 14. Details of Figl13. Crazes become visible in the photo taken at an opening semi-anglé (deflre) and invade the
whole sample at 50(lower part), while these remain undetected &t @pper part).

The results of experiments and theoretical predictions are summarized inIfaklere bifurca-
tion semi-angles are reported for the different geometries tested, and ig.Fgspite the fact that
our loading device does not exactly impose the correct boundary conditions on the planar sizes of the
bent specimen (where the specimen should be free of sliding), the experimental results are in a fairly
well agreement with the theoretical predictions (with a tendency towards overestimation of bifurcation
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TABLE 1 Summaryof experimental results (in terms of critical semi-angle at bifurcati@R") and
theoretical predictiong6.,) (the percentage error is denoted by ‘erfor rubber samples of thickness

hgay) = 4 mm,uncoated and coated with a stff2 mm or0.4 mm coatingd., = 180° meanshat the
annular configuration can be reached without bdation
(coat) (coat) (coat)

lo ] hy =_0 ] hg = 0.2mm _ hy = 0.4 mm o

mm_ G (Ger) cr G err.[%] et Oy err.[%] g

10 58 (10199) — — S

15 100 (14209) 3r (3901°) 2053 25 (338®) 2621 3

20 180 (180) 50° 54.79) 8.74 38 (484%) 2155 =

30 180 (1807) 73 (7554) 3.36 64° (7261°) 1186 g

40 180 (180) 102 (10199) 0.01 80 (9331°) 1426 =

50 180 (180) 140  (13364°) 475 110 (12038) 8.62 5
§

angles)in all cases of uncoated and coated (two coating thicknesses, 0.2 and 0.4 mm, have been inves3

tigated) strips.

[pioyx07

8. Conclusions

A new plane strain solution for finite bending of a thick, elastic multilayered plate shows the complex
stress state developing in multilayered structures subject to large strain (evidencing, for instance, two:
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on bifurcation load of geometry and stiffness contrast between layers. The predictions of bifurcation
configuration have been confirmed by developing a simple experimental procedure, so that it may besS
concluded that the theory can be effectively used to predict limits to the deformation capability of
multilayered materials.
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Appendix A. Numerical procedure to seek the critical angleJ., at bifurcation

The bifurcation condition can be numerically determined by introducing, for each layer, the vector
[Am =[f@) ') '¢) 7], (A1)

sothat the differential equations (47) can be rewritten as

[Z] =[All2], (A.2)
wherethe matrix [A] takes the form
0 1 0 0
(Al = 0 0 1 0 A3)
) 0 0 1|’ '

—Ag1 —Ag —Aiz —Aum
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with
Aai(r) = (L = n?)(F —rF; —n?E)/(Cr?),
Ag(r) = [(rF + 2rn?D), — 2F]/(Cr?d),
Ag3(r) =[(rF), 4+ 4F —2n?D]/(Cr?),
Aqu(r) = 2(F +2C)/(Cr).

(A.4)

Adopting the notationX®]e = [X®](rY) and[XO®]; = [XO](r®) for vectors or matrices re-
ferred to a generic layes; and using44—45), the continuity of incremental tractions and displacements
at an interface between layerg9j, can be represented in matrix form as

[29]e
[[Q9]e —[QE™]i] [ } = [0], (A.5)

[2+D);

where

F(n?2-1) r[F—n?2@D+C-T)] r2(F+3C) r3C

nP-1)C-T rC+T, r2c 0

[QI(r) = : ) ) , (A.6)
1 0 0 0
1 r 0 0

while boundary conditions (51) can conveniently be rewritten as

Ip 1IpMS 11Bap ensianiun 1e 610 sfeuInolpioxo rewewwi;/:dny woly papeojumod

BV (2] =01, [B™]e[2™]e = [0, (A7)
where
F(n?2—1) r[F—n2(2D+C)] r3(F+3C) r3C
[Bl(r) = [ , , : (A8)
n‘ — r r 0
We are now in a position to set the numerical solution procedure. Since in our examples we have

always addressed systems with few layers, we use the simple following numerical procedure. However,=
for multilayered domains, the so-called ‘compound matrix method’ (Linds@92;Lindsay & Rooney
1992) would be particularly suited. This method has also been implemented confirming our results.

ol

(1) Employing a numerical integration based on an explicit Runge—Kutta (4,5)-formula, we solve, for
each layer (indes has been dropped for simplicity), four initial-value problems. These are based
on system (A.2), with the following four initial conditions:

[zpli=[1000]", [zli=[0100,

0T0Z ‘02 1snbny uo o

[z@li=[0010]", [zl =[0001].
In this way, we find four integrals,

for each layer.
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(2) The general solution for each layer can be constructed by linear combination of the four functions

(A.9), so that we obtain

S.ROCCABIANCAET AL.

[2)(r) = Ca[z@)](r) + C2[z2)](r) + C3[z3))(r) + Ca[Z(a)](1),

wherethe unknown constants; (i =1,...,

can be collected for each layer in a vectdr{& [C1 C» C3 Cq] T
(3) Boundary and interfacial conditions for the multilayer can be recast in matrix form as

[[BD); 0
[QDle —-[Q@)];
[QW]e
[QN-V]e —[QM];
L O [BN]e
or equivalently as
[M][€] =[],
where
(s) (s) (s) s (S) (S)
5O, Bijzwy BijZa; Bz
i,e —
’ (S) Z (S) 29 (S) 2
Bz BojZey Boyimy
and
(s) (s) (s) (S) () sl
Q20 Qzy); Qzs)
© ) ©),( © 9
(6O o Qjzw QjZei 43,
he Q97 Q979 QO
3 2w 5jZe)) Qs iae)j
©) () (9),(5) 9 ()
| QujZ); QujZiz)  QujZ))

sothat bifurcation corresponds to the condition that systAmX) admits a non-trivial solution,

namely,

detiM] = 0,

which provides the critical semi-angfg;.

[c]
[c®)]

-]

™)

(S) (S)
Bij 2,

(S) (S)
Boj Zw)

(s) (S)
Q1 Z(a);

(s) (S)
Q2j Z(a)j

©
Q3; Z();

(s),(9)
Qaj Za);

=[0]

r=fri,re

r=ri,re

(A.10)

4) set the amplitude of the bifurcation mode. These

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

0TOZ ‘0z 1snBny uo ojuall 1p 1pns 11Bap eunsiaaun 1e Bio speuinolpioixo rewrewi;/:diy woly papeojumod
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