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Abstract

A new boundary element technique is developed to analyze two-dimensional, time-harmonic, small-amplitude vibrations, super-
imposed upon a homogeneously pre-stressed, orthotropic and incompressible elastic solid. New expressions for the Green’s functions
for incremental applied tractions are obtained, in which ‘static’ and ‘dynamic’ contributions are uncoupled. The dynamic contributions
are regular, whereas the static terms are strongly singular and are solved in closed-form expressions, particularly useful for numerical
calculations. As a consequence of the static/dynamic de-coupling, these expressions turn out to be useful also for quasi-static deforma-
tion. The formulation is tested for different boundary value problems. These include a problem with certain boundary conditions inves-
tigated by Ryzhak in the static case, for which an analytic solution is proposed here in the time-harmonic regime. The effect of pre-stress
is shown to strongly influence the vibrational response of elastic structures. It is shown that natural frequencies strongly decrease when
pre-stress approaches quasi-static bifurcation loads and wave propagation speeds tend to vanish when the boundary of ellipticity is
approached. Near this boundary (but still within the elliptic region) we observe a focussing of vibrations along plane waves parallel
to the shear bands.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Pre-stress induced by ribs in soundboards is essential to the correct vibrational performance of stringed musical instru-
ments [4,9]: this is but one among many examples showing that pre-stress strongly influences dynamical properties of struc-
tures. Accordingly, effects of pre-stress in time-harmonic dynamics have been extensively analyzed in elasticity (see, among
others [7,18,19,38,43] and references quoted therein), for structures [20,41], plates [13,23,36], concrete members, inflatable
and tensegrity structures [25,29,47], vibration isolators [27,46], resonant devices in MEMS [39], and geological structures
[26].

However, although well developed in linear elasticity (see for instance [3,15,17,32]), a boundary element technique has
never been formulated in the dynamic range when pre-stress is included.
0045-7825/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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A general boundary element technique for quasi-static, two-dimensional and incremental elastic nonlinear deformations
has been proposed by Bigoni and Capuani [5] and Brun et al. [11]. In the present paper, the formulation is generalized to
dynamic, time-harmonic incremental loading, exploiting the Green’s function and boundary integral equations recently
obtained by Bigoni and Capuani [6]. Those results are complemented here by the derivation of new expressions for the
Green’s functions for incremental applied tractions, where singular terms only appear in the quasi-static contributions,
decoupled from dynamic terms. The singular terms are determined in closed form, providing new expressions which not
only yield a simpler and more effective approach to numerical calculations, but prove essential to the treatment of
strongly-singular integrals involved in the boundary integral equations.

When applied to homogeneously pre-stressed domains1, the proposed formulation retains the essential advantage that
only the boundary of the body is discretized and no ‘artificial’ volume terms are introduced, such as for instance those pres-
ent in the so-called ‘dual reciprocity bem’ for linear elasticity [24,30,37]. The methodology proposed in this paper shares
certain similarities to approaches developed for anisotropic elasticity in the absence of pre-stress [1,2,14,16,21,34,49]
although the incompressibility constraint and presence of pre-stress make the formulation essentially different. The issue
of isochoric elastic deformation pertains to standard formulations of finite elasticity (in particular we refer to [8]), the
framework allowing consideration of the pre-stress effects, when incremental deformations are considered. Under small
strain, the incompressibility constraint has been little investigated for time-harmonic dynamics (see [40], which is restricted
to isotropic behaviour).

The proposed methodology is shown to evidence capabilities, which, in addition to the advantages known for boundary
elements employed under quasi-static loading (discretization of the contour only, insensitivity to incompressibility con-
straint, and the capability to analyze singularities), includes also the ability to keep radiation damping [22] into account,
without the typical expedients of finite elements (where viscous/damping [50], or transmitting [28] boundaries, or infinite
elements [35] are introduced; see also [51] and references cited therein).

The formulation developed in the present article allows us to attack problems of time-harmonic vibrations in the pres-
ence of pre-stress, revealing its important role. In particular, the pre-stress can be used as a parameter to approach the
elliptic boundary2, at which strain rate discontinuities become possible in the form of shear bands. We can therefore follow
the perturbative approach proposed by Bigoni and Capuani [5,6] and analyze shear band emergence in dynamic conditions.
In this context, the class of boundary value problems analyzed by Ryzhak [44,45] plays a prominent role, since stability and
uniqueness are certain within strong ellipticity for those problems. In particular, we solve the shear deformation of a pre-
stressed orthotropic elastic block, with ‘sliding along parallel lines’ boundary conditions, and we provide an analytical
closed-form solution, which turns out to be useful to evaluate the vibrational effects of pre-stress and the numerical per-
formance of the proposed boundary element method. Our results show:

• the significant influence of pre-stress on the vibration natural frequencies, which tend to zero when either a bifurcation
load or loss of ellipticity is approached;

• that, consistently with our previous findings (see [5,12] for quasi-static deformation and [6] for time-harmonic dynamics)
and still within the elliptic regime, shear bands are revealed with a perturbation technique (evidencing peculiar features,
like focussing of vibration into plane waves, parallel to the shear bands that would form at ellipticity loss), even in sit-
uations in which they would be excluded by conventional techniques (for instance, the occurrence of shear bands is
shown for a Mooney–Rivlin elastic material);

• the different efficiency of the numerical procedures based on two alternative formulations of the traction Green’s func-
tion. The best formulation leads to a reduction of CPU times up to 90%, together with a sensible increase in precision.

The paper is organized as follows. After a brief presentation of the incremental constitutive equations (see also [8,11]) is
given, the Green’s function is presented in Section 3 and, additionally to the results given in [6], we provide the gradient of
the Green’s function for incremental displacements and in-plane hydrostatic stress increment, essential for the boundary
element technique. New expressions for Green’s functions for incremental applied tractions are derived in Section 4,
employing the plane wave expansion formalism (see [6]). These expressions are the key issue for setting the boundary inte-
gral technique presented in Section 5. Section 6 is devoted to numerical examples employed to test our formulation and
also to highlight the role of pre-stress. In particular, we address: (i) the problem of an elastic hollow cylinder subject to
internal time-harmonic pulsating pressure (an example for which the analytical solution is known, thus providing a useful
test for our formulation); (ii) a circular hole in an infinite elastic sheet loaded on portions of the boundary (an example
evidencing one of the advantages of the present formulation, namely, that radiation damping is automatically taken into
account); (iii) a rectangular elastic block, subject to time-harmonic loading distributed on portions of the edges, and with
1 Inhomogeneity of stress state or elastic properties can however be analyzed by employing a multidomain technique not investigated here for brevity.
2 Regime classification for time-harmonic dynamics coincides with the classification for quasi-static regime, see [6,42].
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different levels of pre-stress (an example revealing the strong effect of pre-stress on the natural vibrations of the system); (iv)
a number of examples involving Ryzhak boundary conditions [44,45], one of which is also solved analytically (these exam-
ples are ‘designed’ to approach the boundary of ellipticity, without the problems connected with the emergence of ‘early’
bifurcation modes, so that shear band modes are revealed). Finally, we quantify in Section 7 the numerical performance of
the approach.

2. Incremental governing equations

We refer here to the Biot [8] constitutive framework (see also [11,42]), in which the increment of nominal stress _tij is
related to the gradient of incremental displacement vl;k, satisfying incompressibility
vi;i ¼ 0; ð1Þ
and to the in-plane hydrostatic stress increment (expressed in the Cauchy and nominal versions)
_p ¼ _r1 þ _r2

2
; _p ¼

_t11 þ _t22

2
¼ _p � r1 � r2

2
v1;1; ð2Þ
where r1 and r2 are the principal Cauchy stress components, through a fourth-order tensor K, such that
_tij ¼ Kijklvl;k þ _pdij ¼ eKijklvl;k þ _pdij: ð3Þ
Tensor Kijkl is defined as a function of the deviatoric and mean components of pre-stress
r ¼ r1 � r2; p ¼ r1 þ r2

2
; ð4Þ
as follows:
K1111 ¼ l� �
r
2
� p; K1122 ¼ �l�; K1112 ¼ K1121 ¼ 0;

K2211 ¼ �l�; K2222 ¼ l� þ
r
2
� p; K2212 ¼ K2221 ¼ 0;

K1212 ¼ lþ r
2
; K1221 ¼ K2112 ¼ l� p; K2121 ¼ l� r

2
;

ð5Þ
and eKijkl coincides with Kijkl except for
eK1111 ¼ eK2222 ¼ l� � p: ð6Þ
The equations of motion are
_tij;i þ _f j ¼ qvj;tt; ð7Þ
where _f j is the dynamic, incremental body force, q is the mass density, and pedex ,t denotes partial derivative with respect
to the time variable. Under the time-harmonic assumption that for every function f of space x and time t
f ðx; tÞ ¼ f̂ ðxÞe�iXt; ð8Þ
in which X is the circular frequency, Eqs. (7) yield
ð2l� � pÞv1;11 þ ðl� pÞv2;12 þ l� r
2

� �
v1;22 ¼ � _p;1 � qX2v1;

ð2l� � pÞv2;22 þ ðl� pÞv1;21 þ lþ r
2

� �
v2;11 ¼ � _p;2 � qX2v2;

ð9Þ
where all quantities become solely functions of space. Introducing now the stream function
v1 ¼ w;2; v2 ¼ �w;1; ð10Þ
Eqs. (9) provide the well-known scalar equations:
_p;11 þ _p;22 ¼ �2ðl� � lÞðw;2111 � w;1222Þ þ
r
2
ðw;2111 þ w;1222Þ; lþ r

2

� �
w;1111 þ 2ð2l� � lÞw;1122 þ l� r

2

� �
w;2222

¼ qX2ðw;11 þ w;22Þ: ð11Þ
The second of Eqs. (11) yields the regime classification, which – as noticed in [6] – remains identical to the quasi-static case.
In particular, the analysis in this paper will be restricted to the elliptic imaginary (EI) or complex (EC) regimes, for which
the parameters:
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c1

c2

�
¼

1� 2
l�
l
�

ffiffiffiffi
D
p

1þ k
; D ¼ k2 � 4

l�
l
þ 4

l�
l

� �2

; ð12Þ
both real and negative in EI and a conjugate pair in EC, depend on the dimensionless pre-stress parameter
k ¼ r
2l
¼ k2

1 � k2
2

k2
1 þ k2

2

; ð13Þ
where the latter equality holds true when an elastic potential exists and expresses k as a function of the in-plane pre-
stretches k1 and k2. In addition to k, we will also make use of the dimensionless parameter v defining the hydrostatic com-
ponent of pre-stress as
v ¼ p
l
¼ r1 þ r2

2l
: ð14Þ
3. The dynamic, time-harmonic Green’s functions

The time-harmonic Green’s function for the stream function, found in [6], is defined as a function of the sin integral and
cos integral functions
SiðxÞ ¼
Z x

0

sin t
t

dt; CiðxÞ ¼ cþ log xþ
Z x

0

cos t � 1

t
dt; ð15Þ
where c is the Euler gamma constant, in the following form
wg ¼ � 1

2p2qXc

Z p

0

sinðaþ h� d2gp=2Þ
Kðaþ hÞ N r̂

cos affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p !
da; ð16Þ
where
r̂ ¼ Xr
c

and h ¼ tan�1 x2

x1

; ð17Þ
with r ¼ jxj, are dimensionless polar coordinates,
c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lð1þ kÞ

q

s
; ð18Þ
is the propagation velocity of a transverse wave travelling parallel to x1-axis, and
KðaÞ ¼ sin4 aðcot2a� c1Þðcot2a� c2Þ > 0; ð19Þ

NðxÞ ¼ sin xCiðjxjÞ � cos xSiðxÞ � i
p
2

sin x; ð20Þ
with i ¼
ffiffiffiffiffiffiffi
�1
p

.
Note that KðaÞ is always strictly positive in the elliptic regime; moreover,
Kð0Þ ¼ KðpÞ ¼ 1; Kðp=2Þ ¼ Kð3p=2Þ ¼ c1c2 ¼
1� k
1þ k

; ð21Þ
finally, KðaÞ ¼ 1 in the special case when the incremental response becomes isotropic, k = 0 and l ¼ l�.
In terms of incremental displacement, the Green’s function, enjoying the usual symmetry v2

1 ¼ v1
2, and defined in the

dimensionless polar coordinates, is
vi
gðr;hÞ ¼ �

ð2dig � 1Þ
2p2lð1þ kÞ ðlog r̂þ cÞ

Z p

0

Kg
i ðaþ hÞ cosðr̂nða;aþ hÞÞdaþ

Z p
2

0

logðnða;aþ hÞÞKg
i ðaþ hÞ cosðr̂nða;aþ hÞÞda

�

þ ð2dig � 1Þ
Z p

2

0

logðnða;a� hÞÞKg
i ða� hÞ cosðr̂nða;a� hÞÞdaþ

Z p

0

Kg
i ðaþ hÞIðr̂nða;aþ hÞÞda

�i
p
2

Z p

0

Kg
i ðaþ hÞ cosðr̂nða;aþ hÞÞda

	
; ð22Þ
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where
nða; bÞ ¼ cos affiffiffiffiffiffiffiffiffiffi
KðbÞ

p ; Kg
i ðaÞ ¼

sin aþ p
2
di2


 �
sin aþ p

2
dg2


 �
KðaÞ ; ð23Þ
and function
IðxÞ ¼ cos x
Z x

0

cos t � 1

t
dt þ sin xSiðxÞ; ð24Þ
is non-singular.

3.1. The gradient of incremental displacements

The gradient of incremental displacements is instrumental to the formulation of the boundary element technique. This
can be obtained from Eq. (22), employing the derivative rule:
ovg
i

ox1

¼ cos h
ovg

i

or
� sin h

r
ovg

i

oh
;

ovg
i

ox2

¼ sin h
ovg

i

or
þ cos h

r
ovg

i

oh
;

ð25Þ
and resulting in
vs
g;k ¼ �

ð2dsg � 1Þ
2p2lð1þ kÞ vs�

g;k � log r̂ þ c� i
p
2

� � Z p

0

Kg
s ðaþ hÞ sinðr̂nða; aþ hÞÞX

c
nða; aþ hÞfðaþ h; h� d2kp=2Þda

��
þ sinðh� d2kp=2Þ

r

Z p

0

Rðaþ h� d2sp=2; aþ hÞ cosðr̂nða; aþ hÞÞda

	
�
Z p

2

0

log nða; aþ hÞKg
s ðaþ hÞ sinðr̂nða; aþ hÞÞX

c
nða; aþ hÞfðaþ h; h� d2kp=2Þda

þ
Z p

2

0

log nða; a� hÞKg
s ða� hÞ sinðr̂nða; a� hÞÞX

c
nða; a� hÞfða� h;�h� d2kp=2Þda

þ
Z p

0

Kg
s ðaþ hÞ}ðr̂nða; aþ hÞÞX

c
nða; aþ hÞfðaþ h; h� d2kp=2Þda

�
; ð26Þ
where the strongly singular term vs�
g;k is defined as
vs�
g;k ¼

1

r
cosðh� d2kp=2Þ

Z p

0

Kg
s ðaþ hÞcosðr̂nða;aþ hÞÞdaþ sinðh� d2kp=2Þ

�
�
Z p

2

0

K0ðaþ hÞ
2Kðaþ hÞK

g
s ðaþ hÞcosðr̂nða;aþ hÞÞ

�
� logðnða;aþ hÞRðaþ h� d2sp=2;aþ hÞcosðr̂nða;aþ hÞÞ

þð1� 2d1gd1sÞ
K0ða� hÞ
2Kða� hÞK

g
s ða� hÞcosðr̂nða;a� hÞÞ

�
� lognða;a� hÞRða� h� d2sp=2;aþ hÞcosðr̂nða;a� hÞÞ

�	
da

�
Z p

0

Kg
s ðaþ hÞðcosðr̂nða;aþ hÞÞ� 1Þfðaþ h;h� d2kp=2Þda� sinðh� d2kp=2Þ

�
Z p

0

Rðaþ h� d2sp=2;aþ hÞIðr̂nða;aþ hÞÞda

�
; ð27Þ
with the following notation
K0ðbÞ ¼ oKðbÞ
ob

¼ sinð2bÞ½ð2c1c2 þ c1 þ c2Þ sin2 b� ð2þ c1 þ c2Þ cos2 b�; ð28Þ

Rða; bÞ ¼ sin a½2 cos aKðbÞ � sin aK0ðbÞ�
K2ðbÞ

; ð29Þ

fða; hÞ ¼ cos hþ sin h
2

K0ðaÞ
KðaÞ ; ð30Þ
and, finally
}ðxÞ ¼ � sin x
Z x

0

cos t � 1

t
dt þ cos xSiðxÞ: ð31Þ
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Fig. 1. Reference system, vectors x, x, n, and angles h, a and / (left). Geometric representation of angles h and / (right).
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The plane wave expansion of the gradient of incremental displacement is
vg
j;k ¼ �

1

4p2

I
jxj¼1

~vg
j;kðx � xÞdx; ð32Þ
where the unit vector x traces the unit circle in the x1–x2 plane and is defined as in Fig. 1 and
~vg
j;k ¼ xk

djg � xjxg

LðxÞ
1

x � x� gNðgx � xÞ
� 	

; ð33Þ
in which
LðxÞ ¼ lð1þ kÞx4
2

x2
1

x2
2

� c1

� �
x2

1

x2
2

� c2

� �
> 0; ð34Þ
and
g ¼ X
ffiffiffiffiffiffiffiffiffiffi

q
LðxÞ

r
: ð35Þ
A comparison of Eq. (33) with the gradient of ~vg
i in the quasi-static case (see [5] their Eq. (31)) shows that the singular term

in Eq. (33) is identical to the quasi-static counterpart, so that we can write
~vg
j;k ¼ ð~v

g
j;kÞstatic � xk

djg � xjxg

LðxÞ gNðgx � xÞ; ð36Þ
an expression which permits a systematic separation between the quasi-static and the dynamic terms.

3.2. The Green’s function for in-plane incremental hydrostatic stress

Taking the plane wave expansion of the in-plane incremental hydrostatic stress
_pgðxÞ ¼ � 1

4p2

I
jxj¼1

~pgðx � xÞdx; ð37Þ
and substituting into Eq. (11)1, we get
~pg ¼ xg

x � xþ ðd2g � d1gÞ
xgð1� x2

gÞ
LðxÞ 2ðl� � lÞðx2

1 � x2
2Þ �

r
2

h i 1

x � x� gNðgx � xÞ
� 	

; ð38Þ
where N is given by Eq. (20).
An alternative form of Eq. (38), useful for subsequent calculations, is
~pg ¼ xggNðgx � xÞ þ xg

ð2l� � lÞð1� x2
gÞ þ ½l� ðd2g � d1gÞr=2�x2

g

LðxÞ
1

x � x� gNðgx � xÞ
� 	

: ð39Þ
A comparison between Eqs. (39) or (38) and the quasi-static counterpart (given in [5], their Eq. (44)) reveals that the sin-
gular terms are again identical, so that we may write
~pg ¼ ð~pgÞstatic þ xggNðgx � xÞ 1�
ð2l� � lÞð1� x2

gÞ þ ½l� ðd2g � d1gÞr=2�x2
g

LðxÞ

" #
; ð40Þ
an equation representing the complement to Eq. (36) for determining the Green’s functions for the incremental stress
components.
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Employing Eq. (38) in (37), the Green’s function for the incremental hydrostatic stress is obtained in the following form
3 Th
_pg ¼ ð _pgÞstatic �
X

2p2ð1þ kÞc

Z p

0

~Kgðaþ hÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p N
Xr
c

cos affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p !
da; ð41Þ
where the quasi-static Green’s function, containing the singular terms, is
ð _pgÞstatic ¼ �
1

2pr
cos h� d2g

p
2

h i
þ 1

pð1þ kÞ

Z
--

p

0

eK gðaþ hÞ
cos a

da

( )
; ð42Þ
in which
eK gðaÞ ¼ Kg
gðaÞ 2

l�
l
� 1

� �
ð2 cos2 a� 1Þ � k

� 	
cos aþ d2g

p
2

h i
: ð43Þ
Note that the Green’s function in terms of Cauchy in plane pressure increment _pg can be obtained from Eq. (41) by using
_pg ¼ _pg � r
2

vg
1;1: ð44Þ
3.3. The Green’s functions for incremental nominal stresses

From the knowledge of the Green’s function for gradient of incremental displacement (26) and hydrostatic pressure
(41), the Green’s function for incremental nominal stresses can be obtained using the constitutive laws (3) in the form:
_tg
11 ¼ ð2l� � pÞvg

1;1 þ _pg; _tg
12 ¼ ðl� pÞvg

1;2 þ lþ r
2

� �
vg

2;1;

_tg
21 ¼ ðl� pÞvg

2;1 þ l� r
2

� �
vg

1;2; _tg
22 ¼ ð2l� � pÞvg

2;2 þ _pg:
ð45Þ
4. The Green’s functions for incremental applied tractions

The Green’s functions for incremental applied nominal tractions sg
j at a boundary of unit outward normal ni can be

evaluated through substitution of Eqs. (45) into
sg
j ¼ _tg

ijni: ð46Þ
However, the Green’s function for incremental applied nominal tractions are crucial in the development of the boundary
element technique, since these appear in the boundary integral equations (that will be introduced later).

We present now a new derivation of the Green’s functions for incremental applied nominal tractions which provides
expressions equivalent to those obtained by substitution of Eqs. (45) into Eq. (46), but showing important features, which
remain otherwise unrevealed. These are:

• static and dynamic contributions to the Green’s functions for incremental applied tractions turn out to be uncoupled, in
the form
sg
j ¼ sg

j static þ sg
j dynamic; ð47Þ
• while the static contributions are strongly singular, the dynamic contributions are not;
• let us define / as the angle between the position vector x and the material surface (of unit normal n, and unit tangent s

oriented counterclockwise) on which the traction acts (Fig. 1). When / = 0 or / = p, the components sg
g static are null,

while s1
2 static and s2

1 static depend in closed form expressions on r ¼ jxj only. This property3 will be crucially advantageous
in the evaluation of strongly singular integrals at piecewise-rectilinear boundaries.

To obtain the above-mentioned representation of the Green’s functions for incremental applied nominal tractions, we
begin with the plane wave expansion of the nominal traction
sg
j ðxÞ ¼ �

1

4p2

I
jxj¼1

~sg
j ðx � xÞdx; ð48Þ
e dependence of the traction only on r when / = 0 was numerically checked in [11]. Now this property will be proved.
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so that the components of the nominal traction increments become using Eqs. (33) and (39) into Eq. (46)
~s1
1 ¼ f½ð2l� � pÞx1x

2
2 þ x1ðð2l� � lÞx2

2 þ ðlþ r=2Þx2
1Þ�n1 � ½ðl� pÞx2

1x2 � ðl� r=2Þx3
2�n2g

1

LðxÞ
1

x � x� gNðgx � xÞ
� 	

þ x1n1gNðgx � xÞ;

~s2
2 ¼ f½ð2l� � pÞx2

1x2 þ x2ðð2l� � lÞx2
1 þ ðl� r=2Þx2

2Þ�n2 � ½ðl� pÞx1x
2
2 � ðlþ r=2Þx3

1�n1g

1

LðxÞ
1

x � x� gNðgx � xÞ
� 	

þ x2n2gNðgx � xÞ;

~s1
2 ¼ f½�ð2l� � pÞx1x

2
2 þ x1ðð2l� � lÞx2

2 þ ðlþ r=2Þx2
1Þ�n2 þ ½ðl� pÞx3

2 � ðlþ r=2Þx2
1x2�n1g

1

LðxÞ
1

x � x� gNðgx � xÞ
� 	

þ x1n2gNðgx � xÞ;

~s2
1 ¼ f½�ð2l� � pÞx2

1x2 þ x2ðð2l� � lÞx2
1 þ ðl� r=2Þx2

2Þ�n1 þ ½ðl� pÞx3
1 � ðl� r=2Þx2

2x1�n2g

1

LðxÞ
1

x � x� gNðgx � xÞ
� 	

þ x2n1gNðgx � xÞ:

ð49Þ
Application of the plane wave expansion (48) yields the following form of the components of the nominal traction
increments
s1
1 ¼ s1

1 static �
1

4p2

I
jxj¼1

gNðgx � xÞ x1n1 �
1

LðxÞ 2ð2l� � lÞx1x
2
2 þ lþ r

2

� �
x3

1

� �
n1 þ l� r

2

� �
x3

2n2

��
þðl� pÞx1x2ðx2n1 � x1n2Þ

	�
dx;

s2
2 ¼ s2

2 static �
1

4p2

I
jxj¼1

gNðgx � xÞ x2n2 �
1

LðxÞ 2ð2l� � lÞx2
1x2 þ l� r

2

� �
x3

2

� �
n2

h�
þ lþ r

2

� �
x3

1n1 � ðl� pÞx1x2ðx2n1 � x1n2Þ
	�

dx;

s1
2 ¼ s1

2 static �
1

4p2

I
jxj¼1

gNðgx � xÞ x1n2 � ðl� pÞx2
2 � lþ r

2

� �
x2

1

h ix2n1 � x1n2

LðxÞ

� �
dx;

s2
1 ¼ s2

1 static �
1

4p2

I
jxj¼1

gNðgx � xÞ x2n1 þ ðl� pÞx2
1 � l� r

2

� �
x2

2

h ix2n1 � x1n2

LðxÞ

� �
dx;

ð50Þ
where the sj
i static are the quasi-static tractions given by
s1
1 static ¼ �

1

4p2

I
jxj¼1

n1

x1

� l� r
2

� �x2

x1

� 2l� r
2
� p

� �
x1x2

� 	
x2n1 � x1n2

LðxÞ

� �
dx

x � x ;

s2
2 static ¼ �

1

4p2

I
jxj¼1

n2

x2

þ lþ r
2

� �x1

x2

� 2lþ r
2
� p

� �
x1x2

� 	
x2n1 � x1n2

LðxÞ

� �
dx

x � x ;

s1
2 static ¼ �

1

4p2

I
jxj¼1

ðl� pÞx2
2 � lþ r

2

� �
x2

1

h ix2n1 � x1n2

LðxÞ
dx

x � x ;

s2
1 static ¼ �

1

4p2

I
jxj¼1

�ðl� pÞx2
1 þ l� r

2

� �
x2

2

h ix2n1 � x1n2

LðxÞ
dx

x � x :

ð51Þ
Assuming that the normal to the material surface to which the traction is referred can be expressed in terms of the angle /
measured from h (see Fig. 1) as
n1 ¼ sinð/þ hÞ; n2 ¼ � cosð/þ hÞ; ð52Þ

the dynamic contributions in Eqs. (50) can be further re-written leading to the following expressions for the Green incre-
mental tractions
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s1
1 ¼ s1

1 static �
X

2p2c

Z p

0

Nðr̂nða; aþ hÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p cosðaþ hÞ sinð/þ hÞ � 1

ð1þ kÞKðaþ hÞ

�
2 2

l�
l
� 1

� �
cosðaþ hÞ sin2ðaþ hÞ þ ð1þ kÞ cos3ðaþ hÞ

� �
sinð/þ hÞ

�
�ð1� kÞ sin3ðaþ hÞ cosð/þ hÞ þ ð1� vÞ cosðaþ hÞ sinðaþ hÞ cosða� /Þ

	�
da;

s2
2 ¼ s2

2 static þ
X

2p2c

Z p

0

Nðr̂nða; aþ hÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p sinðaþ hÞ cosð/þ hÞ � 1

ð1þ kÞKðaþ hÞ

�
2 2

l�
l
� 1

� �
cos2ðaþ hÞ sinðaþ hÞ þ ð1� kÞ sin3ðaþ hÞ

� �
cosð/þ hÞ

�
�ð1þ kÞ cos3ðaþ hÞ sinð/þ hÞ þ ð1� vÞ cosðaþ hÞ sinðaþ hÞ cosða� /Þ

	�
da;

s1
2 ¼ s1

2 static þ
X

2p2c

Z p

0

Nðr̂nða; aþ hÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p cosðaþ hÞ cosð/þ hÞ þ cosða� /Þ
ð1þ kÞKðaþ hÞ

�
½ð1� vÞ sin2ðaþ hÞ � ð1þ kÞ cos2ðaþ hÞ�

�
da;

s2
1 ¼ s2

1 static �
X

2p2c

Z p

0

Nðr̂nða; aþ hÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðaþ hÞ

p sinðaþ hÞ sinð/þ hÞ þ cosða� /Þ
ð1þ kÞKðaþ hÞ

�
½ð1� vÞ cos2ðaþ hÞ � ð1� kÞ sin2ðaþ hÞ�

�
da:

ð53Þ
The strongly singular static contributions to the Green incremental tractions will be analysed in the subsection below.
4.1. The quasi-static incremental tractions

Calculations deferred to Appendix A show that the incremental tractions in the quasi-static approximation (51) become
s1
1 static ¼

sin /
2p2ð1þ kÞr ð1� kÞ

Z
--

p

0

tanðaþ hÞ tan a
Kðaþ hÞ da� ð2� k � vÞ

Z
--

p

0

sinðaþ hÞ cosðaþ hÞ tan a
Kðaþ hÞ da

� �
;

s2
2 static ¼ �

sin /
2p2r

Z
--

p

0

cotðaþ hÞ tan a
Kðaþ hÞ da� 2þ k � v

1þ k
�
Z
--

p

0

sinðaþ hÞ cosðaþ hÞ tan a
Kðaþ hÞ da

� �
;

s1
2 static ¼

cos /
2pð1þ kÞr

1� v
c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p þ 1þ kffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p
� �

� sin /
2p2ð1þ kÞr

Z
--

p

0

tan a
Kðaþ hÞ ½ð1� vÞ sin2ðaþ hÞ

� ð1þ kÞ cos2ðaþ hÞ�da;

s2
1 static ¼

cos /
2pð1þ kÞr

1� vffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p þ 1� k
c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p
� �

þ sin /
2p2ð1þ kÞr

Z
--

p

0

tan a
Kðaþ hÞ ½ð1� vÞ cos2ðaþ hÞ � ð1� kÞ sin2ðaþ hÞ�da:

ð54Þ
Note that Eqs. (54)1,2 can be regularized. In particular, assuming 0 < h < 2p, we obtain (see Appendix B)
s1
1 static ¼

sin /
2p2r

cot h log
b1

b1 � p





 



�
þ
Z p

0

c1c2 tanðaþ hÞ tan a
Kðaþ hÞ þ c1c2 cot h

ðp=2� aÞKðp=2þ hÞ �
cot h
b1 � a

� 	
da

� 2� k � v
1þ k

Z p

0

sinðaþ hÞ cosðaþ hÞ tan a
Kðaþ hÞ þ cos h sin h

ðp=2� aÞKðp=2þ hÞ

� 	
da

�
;

s2
2 static ¼ �

sin /
2p2r

tan h log
b2

b2 � p





 



�
þ
Z p

0

cotðaþ hÞ tan a
Kðaþ hÞ þ tan h

ðp=2� aÞKðp=2þ hÞ �
tan h
b2 � a

� 	
da

� 2þ k � v
1þ k

Z p

0

sinðaþ hÞ cosðaþ hÞ tan a
Kðaþ hÞ þ cos h sin h

ðp=2� aÞKðp=2þ hÞ

� 	
da

�
;
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s1
2 static ¼

cos /
r

T 1
2 �

sin /
2p2r

Z p

0

tan a
Kðaþ hÞ

1� v
1þ k

sin2ðaþ hÞ � cos2ðaþ hÞ
� 	�

� 1

Kðp=2þ hÞðp=2� aÞ
1� v
1þ k

cos2 h� sin2 h

� 	�
da;

s2
1 static ¼

cos /
r

T 2
1 þ

sin /
2p2r

Z p

0

tan a
Kðaþ hÞ

1� v
1þ k

cos2ðaþ hÞ � c1c2 sin2ðaþ hÞ
� 	�

� 1

Kðp=2þ hÞðp=2� aÞ
1� v
1þ k

sin2 h� c1c2 cos2 h

� 	�
da;

ð55Þ
where coefficients
T 1
2 ¼

1

2pð1þ kÞ
1� v

c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p þ 1þ kffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p
� �

; ð56Þ

T 2
1 ¼

1

2pð1þ kÞ
1� vffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p þ 1� k
c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p
� �

; ð57Þ
are independent of r and h, and angles b1, b2 are defined as
b1 ¼
p
2
� h if 0 < h 6

p
2
;

b1 ¼
3p
2
� h if

p
2
6 h 6

3p
2
;

b1 ¼
5p
2
� h if

3p
2
6 h < 2p;

ð58Þ

b2 ¼ p� h if 0 < h <
p
2

and
p
2
< h 6 p;

b2 ¼ 2p� h if p 6 h <
3p
2

and
3p
2
< h 6 2p:

ð59Þ
The simple relationships
c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p ¼ ffiffiffiffiffiffiffiffi
c1c2

p ffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p
 �
¼ ffiffiffiffiffiffiffiffi

c1c2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c1 � c2 þ 2

ffiffiffiffiffiffiffiffi
c1c2

pq
; ð60Þ
show that the denominators appearing in Eqs. (56) and (57) are always real and positive.
Note that there are four particular cases in which the integrals in Eqs. (55)1,2 become hypersingular and have a meaning

only in the Hadamard sense. These occur when h equals 0 or p in Eq. (55)1 or h equals p=2 or 3p=2 in Eq. (55)2. In the limits
h! 0 or h! p, Eq. (55)1 reduces to
s1
1 static ¼

sin /
2p2r

� 4

p
þ
Z p

0

c1c2 tan2 a
KðaÞ � 1

ðp=2� aÞ2

" #
da

(
� 2� k � v

1þ k

Z p

0

sin2 a
KðaÞ da

)
; ð61Þ
while in the limits h! p=2 or h! 3p=2, Eq. (55)2 reduces to
s2
2 static ¼

sin /
2p2r

� 4

p
þ
Z p

0

tan2 a
Kðaþ p=2Þ �

1

ðp=2� aÞ2

" #
da� 2þ k � v

1þ k

Z p

0

sin2 a
KðaÞ da

( )
: ð62Þ
In the last two equations, the integrals have been regularized and correspond to the Hadamard finite parts.
Finally, we note that Eqs. (55) can be shown to reduce to the well-known particular case of linear elasticity (reported in

Appendix C), when k ¼ v ¼ 0 and l ¼ l�.

5. Boundary element formulation

5.1. Boundary integral equations

The boundary integral equations at an interior point y have been obtained by Bigoni and Capuani [6] in the form
vgðyÞ ¼
Z

oB
½siðxÞvg

i ðx; yÞ � sg
i ðx; yÞviðxÞ�dlx; ð63Þ
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for incremental displacements and
Fig. 2.
the edg
_pðyÞ ¼ �
Z

oB
sgðxÞ _pgðx; yÞdlx þ

Z
oB

niðxÞvjðxÞKijkg _pg
;kðx; yÞdlx

� 4ll� � 4l2
� þ lr� 2l�r�

r2

2

� �Z
oB

niðxÞviðxÞv1
1;11ðx; yÞdlx þ r lþ r

2

� �Z
oB

niðxÞviðxÞv2
2;11ðx; yÞdlx

� qX2

Z
oB

niðxÞviðxÞW ðx; yÞdlx; ð64Þ
for incremental in-plane hydrostatic stress. Potential W appearing in Eq. (64) takes the form:
W ¼ � log r̂
2p
� 1

2p2lð1þ kÞ ðlog r̂ þ cÞ
Z p

0

F ðaþ hÞ cosðr̂nðaþ hÞÞdaþ
Z p

2

0

logðnðaþ hÞÞF ðaþ hÞ cosðr̂nðaþ hÞÞda

�
þ
Z p

2

0

logðnða� hÞÞF ða� hÞ cosðr̂nða� hÞÞdaþ
Z p

0

F ðaþ hÞIðr̂nðaþ hÞÞda� i
p
2

Z p

0

F ðaþ hÞ cosðr̂nðaþ hÞÞda

	
;

ð65Þ

where
F ðaÞ ¼ 4ðl� l�Þ sin2ðaÞ � r
KðaÞ cos2ðaÞ: ð66Þ
For a point y at the boundary, Eq. (63) becomes
Cg
j vjðyÞ ¼

Z
oB

sjðxÞvg
j ðx; yÞdlx �

Z
--
oB

sg
j ðx; yÞvjðxÞdlx; ð67Þ
where Cg
j is the so-called C-tensor [33], reducing to I/2 for smooth boundaries and, more generally
Cg
i ¼ lim

e!0

Z
oCe

sg
i ðx; yÞdlx; ð68Þ
which coincides with the quasi-static value given in [5], since the ‘dynamical terms’ are non-singular, Eqs. (53).
Let us focus attention on a piecewise-rectilinear boundary (Fig. 2). Taking the source point y at the corner A, the bound-

ary oB appearing in Eq. (67) can be split into the two portions FAB and BCDEF, so that Eq. (67) becomes
C1
j vjðyÞ ¼

Z
oB

sjðxÞv1
j ðx� yÞdlx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

weakly-singular

�
Z

BCDEF

s1
j ðx� yÞvjðxÞdlx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
non-singular

�
Z

FAB

s1
j dynamicðx� yÞvjðxÞdlx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

non-singular

þ T 1
2

Z
--

FA

v2ðxÞ
jx� yj dlx|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

strongly-singular

�T 1
2

Z
--

AB

v2ðxÞ
jx� yj dlx|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

strongly-singular

ð69Þ
and
C2
j vjðyÞ ¼

Z
oB

sjðxÞv2
j ðx� yÞdlx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

weakly-singular

�
Z

BCDEF

s2
j ðx� yÞvjðxÞdlx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
non-singular

�
Z

FAB

s2
j dynamicðx� yÞvjðxÞdlx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

non-singular

þ T 2
1

Z
--

FA

v1ðxÞ
jx� yj dlx|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

strongly-singular

�T 2
1

Z
--

AB

v1ðxÞ
jx� yj dlx|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

strongly-singular

; ð70Þ
x1

x2

φ = 0

n

φ
n

θ

A

B

C

D
E

F x y−

φ=π

n

Geometric representation of angles h and / for a polygonal domain. Note that / is constant and equal to 0 (or p) when position vector x–y is on
e AB (or AF), while / becomes a function of h when x–y is on the edge CD.
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where T 1
2 and T 2

1 are the constants appearing in Eqs. (55)3,4 for s1
2 static and s2

1 static. The two strongly singular integrals in Eqs.
(69) and (70) can be reduced to weakly singular integrals through integration by parts, thus obtaining
Z

--
FA

vjðxÞ
jx� yj dlx �

Z
--

AB

vjðxÞ
jx� yj dlx ¼ vjðFÞ log lFA � vjðBÞ log lAB �

Z lFA

0

v0jðrÞ log r dr þ
Z lAB

0

v0jðrÞ log r dr; ð71Þ
where vjðFÞ, vjðAÞ and vjðBÞ are the incremental displacements at corners F, A, B and prime denotes derivative with respect
to a function’s argument; lFA and lAB are the lengths of the edges FA and AB, respectively.

5.2. The discretization of the boundary and the collocation BEM

According to a boundary element formulation [11,31,48], the boundary oB is discretized into elements Ce, of length le,
and, within each element, incremental displacement and traction are given the following representations
vi ¼ uaðnÞ�ve
ia; _si ¼ uaðnÞ�se

ia; a ¼ 0; . . . ;H; ð72Þ
where n 2 ½0; 1�, �ve
ia and �se

ia are nodal incremental displacements and nominal tractions, respectively, ua are Lagrange poly-
nomial shape functions of degree H, and repeated index a is to be summed between 0 and H. Using representation (72), the
boundary integral Eqs. (69) and (70) can be written as
Cg
i viðyAÞ ¼

X
e

�se
iale

Z 1

0

uaðnÞvg
i ðxðnÞ; yAÞdn�

X
e2BCDEF

�ve
iale

Z 1

0

uaðnÞsg
i ðxðnÞ; yAÞdn�

X
e2FAB

�ve
iale

�
Z 1

0

uaðnÞsg
i dynamicðxðnÞ; yAÞdnþ T g

i

�
viðFÞ log lFA � viðBÞ log lAB þ

X
e2AB

�ve
ia

Z 1

0

u0aðnÞ logðre þ lenÞdn

�
X
e2FA

�ve
ia

Z 1

0

u0aðnÞ logðre � lenÞdn

	
; ð73Þ
where T 1
1 ¼ T 2

2 ¼ 0 and re indicates the distance from point yA of the first edge node of the element, assuming element num-
bers increasing counterclockwise.

Integrals in Eq. (73) can be evaluated by standard Gauss quadrature rules. Moreover, also the weak singularity of the
last two integrals in Eq. (73), involving the boundary elements containing the source node A, can be eluded by easy analytic
integration. Following this way, for example in the particular case of linear shape functions,
u0ðnÞ ¼ 1� n; u1ðnÞ ¼ n; u0aðnÞ ¼ ð�1Þaþ1
; a ¼ 0; 1; ð74Þ
Eq. (73) takes the form
Cg
i viðyAÞ ¼

X
e

�se
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Z 1
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e2BCDEF

�ve
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Z 1
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uaðnÞsg
i ðxðnÞ; yAÞdn�

X
e2FAB

�ve
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�
Z 1

0

uaðnÞsg
i dynamicðxðnÞ; yAÞdnþ T g

i

"
viðFÞ log lFA � viðBÞ log lAB þ

X
e2B0B

ð�1Þaþ1�ve
ia

Z 1

0

logðre þ lenÞdn

�
X

e2FF0
ð�1Þaþ1�ve

ia

Z 1

0

logðre � lenÞdnþ ðviðB0Þ � viðAÞÞðlog lAB0 � 1Þ � ðviðAÞ � viðF0ÞÞðlog lF0A � 1Þ
#
; ð75Þ
where F0 and B0 are the nodes next to source node A, on the left and right-hand side, respectively.
Collocating Eq. (75) at the boundary nodes yields an algebraic system which can be solved to obtain the unknown nodal

values �ve
ia, �se

ia of incremental displacement and nominal traction on the portions of boundary where, correspondingly, incre-
mental traction and displacement are prescribed.
6. Numerical examples highlighting the role of prestress

In all the following numerical examples, uniform meshes of rectilinear elements have been employed for boundary
discretization. Linear shape functions have been adopted for incremental displacements and tractions at the boundary.
Integrals involved in incremental displacements, relevant gradient and incremental pressure of the Green state, as well
as integrals involved in the discretization of the boundary integral equations, have been evaluated by means of Gauss
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Fig. 3. Hollow elastic orthotropic cylinder, subject to time-harmonic pulsating internal pressure.
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quadrature rules (a higher precision has been used for evaluation of the latter integrals)4. In all the examples, the axes of
orthotropy and the principal directions of pre-stress coincide with the x1 and x2 axes.
6.1. Hollow cylinder subject to pulsating internal pressure

We start with the simple example of a hollow elastic, incompressible and orthotropic cylinder (taken infinitely long in
the out-of-plane direction) subject to internal pressure, for which the analytical solution is known in the particular case of
null pre-stress and isotropic constitutive law, see [40]. In particular (Fig. 3), the inner and outer radii of the shell are
denoted by a and b, respectively, and the time-harmonic internal pressure is taken in the form
4 A g
develo
http://
qðtÞ ¼ qe�iXt: ð76Þ
The solution to this problem in the special case when l ¼ l� and k = 0, depends on the radial distance r (a 6 r 6 b). A
peculiarity of this problem is that the incompressibility constraint (for cylindrical coordinates under the assumption of ra-
dial symmetry) becomes
our

or
þ ur

r
¼ 0; ð77Þ
(where ur is the radial component of displacement) which determines the displacement solution to be an integration con-
stant times 1=r, so that the equations of motion
orr

or
þ rr � rh

r
¼ q

o2ur

ot2
; ð78Þ
(where rr and rh are the radial and circumferential stresses) after substitution of the constitutive equations, immediately
determine the in-plane hydrostatic pressure. The result is [40]
ur ¼
q

2lmr
; ð79Þ
and
rr ¼
q
m

r2 � b2

r2b2
þ qX2

2mc2
0

log
b
r
;

rh ¼
q
m

r2 þ b2

r2b2
þ qX2

2mc2
0

log
b
r
;

ð80Þ
where
m ¼ b2 � a2

a2b2
þ X2

2c2
0

log
a
b
; c0 ¼

ffiffiffi
l
q

r
: ð81Þ
eneral-purpose Fortran 90 code for two-dimensional incremental deformations superimposed upon a given uniform pre-strained state has been
ped at the Solid & Structural Computational Mechanics Laboratory of the University of Trento, whose executable is available on:
www.ing.unitn.it/dims/laboratories/comp_solids_structures.php.

http://www.ing.unitn.it/dims/laboratories/comp_solids_structures.php
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Therefore, the solution depends on the dimensionless parameters
5 Th
incomp
directly
Xa
c0

;
a
b
;

r
b
;

q
l
; ð82Þ
while, in the presence of anisotropy and pre-stress, the problem loses radial symmetry and additional parameters like l=l�
and k ¼ ðr1 � r2Þ=ð2lÞ are to be taken into account. It can be noted from Eqs. (79)–(80) that there is only one natural fre-

quency5, corresponding to m = 0, namely,
Xa
c0

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

1� a2=b2

logðb=aÞ

s
: ð83Þ
The geometry represented in Fig. 3 has been discretized employing 34 boundary elements of equal length and solved for
l�=l ¼ 1 and l�=l ¼ 1=2. The Green tractions and the discretized boundary integral equation have been integrated
employing 12 and 18 integration points, respectively. Results are reported in Fig. 4, in terms of the dimensionless quantities
2lur=ðaqÞ (upper part), rr=q (central part), and rh=q (lower part) versus aX=c0. In the isotropic case, the numerical solution
is compared with the analytical solution (79)–(80), showing a fairly good agreement. All the quantities have been plotted at
the point r ¼ ðaþ bÞ=2 and for b=a ¼ 2. Plotting of the stress fields has implied the use of the boundary equation for the
pressure increment (64). Note that in the anisotropic case, two natural frequencies appear, showing that anisotropy of
material changes the dynamic behaviour completely with respect to the isotropic case.

6.2. A circular hole with pulsating internal tractions in an infinite elastic medium

To highlight that the boundary element method is particularly suitable for analyzing steady-state vibration of infinite
media (since the radiation condition is automatically taken into account), a circular hole (Fig. 5) is considered, in an ortho-
tropic infinite elastic medium, symmetrically loaded by a time-harmonic pulsating pressure (76) on two portions of the
boundary (each one has an angulare amplitude of 20�). The circular cavity has been discretized by employing a uniform
mesh of 64 elements with 24 Gauss points for the integration of Green’s functions for applied tractions and 36 Gauss points
for the evaluation of boundary integrals. The real and imaginary parts of radial displacement at the mid point of the loaded
cavity sector (non-dimensionalized by the coefficient l=qa) is reported as a function of the dimensionless frequency Xa=c0

for isotropic l�=l ¼ 1 and anisotropic l�=l ¼ 1=2 elasticity in Fig. 6 upper part and lower part, respectively.
The fact that the solution involves a real and imaginary part is a consequence of the fulfillment of the radiation condi-

tion at infinity. The shapes of the cavity are plotted in Fig. 7, taking the real and the imaginary components of displacement
separately at different values of Xa=c0 ¼ f0:5; 1; 2; 3; 4g. Only the isotropic case is reported for the sake of brevity.

6.3. Elastic block under pulsating lateral nominal tractions

The same geometries considered for quasi-static loading in [12] is now considered for time-harmonic antisymmetric and
symmetric normal, incremental dead-loading. The two analyzed problems are sketched in Fig. 8, where a rectangular
block, made up of Mooney–Rivlin elastic material, is subject to a vertical, compressive pre-stress, transmitted by two
smooth, rigid constraints and loaded on two portions (1/9 of the edge length) of the otherwise free lateral edges. For both
cases, uniform meshes of 72 boundary elements have been employed, with 24 and 36 Gauss points for integration of
Green’s function and boundary elements, respectively.

Results for the antisymmetric and symmetric loading geometries shown in Fig. 8 are reported in Fig. 9 on the left and on
the right, respectively. In particular, the horizontal displacement u1 normalized through multiplication by l=ðbsÞ of points
with label ‘E’ in Fig. 8 is reported versus the dimensionless frequency Xb=c0, where c0 ¼

ffiffiffiffiffiffiffiffi
l=q

p
is the propagation speed of a

wave in the isotropic material at null pre-stress. The upper parts of the figure refer to null pre-stress, k = 0, while the central
parts to k ¼ 0:4 and the lower parts to k ¼ 0:52 (k ¼ 0:8) for the antisymmetric, shown on the left, (symmetric, shown on the
right), loading. The last values are close to the bifurcation values under quasi-static load, respectively, k ¼ 0:522 and
k ¼ 0:839, the former value corresponding to an antisymmetric bifurcation and the latter to a symmetric surface mode of
null wavelength. Comparison is made with results obtained by using ABAQUS-Standard (Ver. 6.2-Hibbitt, Karlsson &
Sorensen Inc.), with plane-strain, 4-nodes bilinear, hybrid elements (CPE4H), and a total number of 1296 finite elements.

The figure clearly shows the natural frequencies of the system, which are also reported in Table 1 in the case of anti-
symmetric loading. Figure and table highlight that the natural frequencies of the system get lower and lower for increasing
e fact that there is only one natural frequency may seem erroneous at a first glance, but can be justified by the fact that radial symmetry and
ressibility produce a system which possesses only one degree of freedom, in the sense that a radial displacement of the inner surface of the cylinder
determines the displacement at every points.
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pre-stress levels, according to the fact that all natural frequencies will migrate towards zero when the pre-stress correspond-
ing to the quasi-static bifurcation will be approached. Note also that there is a loss of precision of the results obtained with
ABAQUS for symmetric loading.
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Fig. 5. Infinite, orthotropic elastic medium with a circular hole symmetrically loaded on two portions of the boundary by a time-harmonic pulsating
pressure. The angular amplitude of each loaded sector is 20�.
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The in-plane hydrostatic stress increment, evaluated with the boundary integral Eq. (64) is plotted in Fig. 10 at points
labelled A, B, C, and D in Fig. 8 (with spatial coordinates x1=b ¼ f�0:5; 0:5g and x2=b ¼ f�0:5; 0:5g), for a pre-stress
k ¼ 0:4. Different values of dimensionless frequency have been considered, namely, Xb=c0 ¼ f0:5; 1:5; 2g. Antisymmetric
loading is reported in the upper part of the figure, while symmetric loading in the lower. The comparison with ABAQUS
reported in Fig. 10, represents the first numerical validation of the boundary integral equation obtained by Bigoni and
Capuani [6] for in-plane pressure increments in the dynamic range.
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Fig. 7. Shapes of the circular hole (see Fig. 5) for isotropic l�=l ¼ 1 elasticity. Real (upper figure) and imaginary (lower figure) parts of displacement are
reported at different values of Xa=c0.
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6.4. Shear bands for dynamic loading

6.4.1. Analytic solution of an example of Ryzhak boundary conditions: elastic block under pure shear deformation

A rectangular, incompressible and orthotropic elastic block (of dimensions b� h) is considered, subjected to a pre-stress
whose principal directions are aligned parallel to the edges of the block as well as to the orthotropy axes.

The boundary conditions are (Fig. 11):

• null horizontal incremental tractions and vertical incremental displacement:
_t11 ¼ 0; v2 ¼ 0; ð84Þ
along the vertical edges at x1 ¼ 0 and x1 ¼ b;

• null displacements:
v1 ¼ 0; v2 ¼ 0; ð85Þ
along the horizontal edge at x2 ¼ 0;

• prescribed time-harmonic shear tractions and null vertical displacement:
_t21 ¼ se�iXt; v2 ¼ 0; ð86Þ
along the horizontal edge at x2 ¼ h.

The boundary conditions, the type of orthotropy and the geometric setting correspond to a case belonging to the class of
boundary value problems analyzed by Ryzhak [44,45] and for which uniqueness and stability have been proved, under
quasi-static incremental loading and the strong ellipticity assumption (see, e.g. [12]). Strong ellipticity, under the assump-
tion l > 0 (holding here and in [5,6,11,12]), coincides with the ellpiticity condition KðaÞ > 0, Eq. (19).
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Table 1
The lowest six dimensionless natural frequencies Xb=c0 for the elastic block of Fig. 8 (left) subject to antisymmetric lateral load, at different compressive
pre-stress levels k

k Xb=c0

0 0.69 2.14 3.25 3.71 4.73 5.26
0.4 0.36 1.41 2.61 3.46 3.78 4.60
0.52 0.15 1.12 2.19 2.77 3.22 3.53

D. Bigoni et al. / Comput. Methods Appl. Mech. Engrg. 196 (2007) 4222–4249 4239
Taking the nominal incremental stress field
_t11 ¼ _t22 ¼ 0; _t21 ¼ lð1� kÞv1;2; _t12 ¼ ðl� pÞv1;2; ð87Þ
assuming a solution in the form
v1ðx1; x2Þ ¼ �v1ðx2Þe�iXt; v2ðx1; x2Þ ¼ 0; _pðx1; x2Þ ¼ 0 ð88Þ
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and substituting in the equations of motion (7), with null incremental body forces _f j ¼ 0, leads to the non-trivial
equation
d2�v1

dx2
2

¼ �X2

c2
L

�v1; ð89Þ
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where
Fig. 12
dimens
cL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lð1� kÞ

q

s
; ð90Þ
is the propagation velocity of a transverse plane wave travelling parallel to x2-axis.
By solving the differential Eq. (89) and imposing the boundary conditions (85)1 and (86)1, we obtain
v1ðx2; tÞ ¼
s

X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qlð1� kÞ

p cos
Xh
cL

� �� 	�1

sin
Xx2

cL

� �
e�iXt; ð91Þ
representing the solution to our problem.
Note that the limit for X! 0 gives the quasi-static solution
v1ðx2Þ ¼
x2s

lð1� kÞ ; ð92Þ
and that the eigenfrequencies are given by
X ¼ np
2

cL

h
; n ¼ 1; 3; 5 . . . : ð93Þ
Note that both the time-harmonic and the quasi-static solutions, Eqs. (91) and (92), do not involve the material parameter
l�. These solutions are therefore valid for every value of l 6¼ 0 and k 6¼ 1 (although for lð1� kÞ < 0 the horizontal dis-
placement results opposite to the applied shear loading), so that they hold true also beyond failure of ellipticity, occurring
when KðaÞ ¼ 0, for at least one a. This circumstance should not surprise, in the sense that a solution to a boundary value
problem may exist even beyond stability (as for instance in the case of the trivial solution in the Euler beam buckling, still
existing beyond the first buckling load). In the limit k ! 1, the material becomes vanishing stiff in the horizontal direction
(so that the corresponding displacement becomes infinite), so that at k = 1 a horizontal strain-discontinuity shear band
becomes possible. It should also noted that the eigenfrequencies tend to zero, when the shear wave velocity cL vanishes.

It can be observed from Eq. (91) that the value lð1� kÞv1ðhÞ=ðshÞ depends only on Xh=cL and this feature is exploited to
evaluate the numerical performance of our approach. To this purpose, the geometry reported in Fig. 11 has been discret-
ized employing a uniform mesh of 72 boundary elements. Here the number of Gauss points used for the integrations has
been increased with increasing pre-stress levels, since the numerical accuracy tends to diminish when the pre-stress
approaches the boundary of the elliptic region. In particular, 12 and 18 Gauss points (the former number refers to integrals
of Green’s function and the latter to integrals over boundary elements) have been employed for k = 0; 24 and 36 Gauss
points for k ¼ 0:4; 48 and 72 Gauss points for k ¼ 0:9.

Results in terms of the horizontal displacement [multiplied by lð1� kÞ=ðshÞ] at x2 ¼ h versus Xh=cL are reported in
Fig. 12. Three different values of pre-stress k ¼ f0; 0:4; 0:9g have been considered in the figure to test our numerical pro-
cedure (although the analytical solution reported in the figure has been made independent of k), approaching the loss of
ellipticity, which occurs at k = 1 for Mooney–Rivlin material. It can be concluded from the figure that the numerical pro-
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. Dimensionless horizontal displacement at x2 ¼ h for an elastic anisotropic block subject to time-harmonic pulsating shear (see Fig. 11) versus
ionless frequency Xh=cL. Different pre-stress levels k have been considered to check the accuracy of the method.
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Fig. 13. The first three natural vibration modes evaluated numerically and superimposed to the analytic solution for the elastic block shown in Fig. 11.
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cedure is quite accurate, but the precision decreases for increasing k, so that the number of Gauss points has to be increased
to get results with comparable accuracy.

The first three natural vibration modes have been numerically obtained and are superimposed for comparison to the
analytical solution in Fig. 13. Beside the fair agreement between numerical and analytical results, we may note that the
vibrational modes [as well as every deformation solution of Eq. (91)] consist of a pure shear deformation, so that the elastic
block deforms similarly to a deck of cards.

6.5. Shear bands induced by perturbations

The boundary value problem presented in the previous section allows the approach of the elliptic boundary without
prior ‘encountering’ bifurcation or instability thresholds. However, due to the absence of any perturbation, the incremental
displacement fields (not reported for conciseness) do not evidence any kind of strain concentration into deformation bands.
To highlight the possibility of such focussing of deformation, we analyze the boundary value problem sketched in Fig. 14
on the left for Mooney–Rivlin material l�=l ¼ 1, and on the right for an anisotropic material with l�=l ¼ 1=4. Both these
boundary value problems are examples of Ryzhak boundary conditions. In particular, in Fig. 14 on the left, null displace-
ments are prescribed on the whole boundary, except for two symmetric regions along the vertical edges (of length
c=b ¼ 3=10), where vertical displacements are null, but horizontal, uniform time-harmonic tractions are prescribed. Dis-
placements are also null on the whole boundary in Fig. 14 on the right, except for a region of length c on the left edge
and two regions of length c=2 near the corners of the right edge, where horizontal, uniform time-harmonic tractions are
prescribed.

Results are presented in Figs. 15 and 16 where the level sets of the modulus of incremental displacements are reported
for l�=l ¼ 1 and l�=l ¼ 1=4, and different values of pre-stress k.

Two values of dimensionless frequency parameter Xb=c0 ¼ f0:001; 4:3g are investigated both for Mooney–Rivlin and
for l�=l ¼ 1=4. The value of frequency Xb=c0 ¼ 0:001 is so low that the response is nearly quasi-static. We may note from
Fig. 15 that the employed boundary conditions tend to focus the deformation along the horizontal axis, but this focussing
becomes dramatic when the elliptic boundary is approached, k ¼ 0:88. In particular, loss of ellipticity for a Mooney–Rivlin
material occurs at k = 1, corresponding to an infinite stretch (see [6] for details). It is therefore usually believed that for
such material shear bands are not possible, and this is in fact true if shear bands are intended as the emergence of
strain-rate discontinuities. However, as pointed out by Bigoni and Capuani [5,6], shear bands, intended as a deformation
concentration, become visible using a perturbative approach still within the elliptic range. Such a concentration of defor-
mation is clearly visible in Fig. 15 for k ¼ 0:88. Moreover, for high frequency (Xb=c0 ¼ 4:3), the deformation pattern
degenerates into nearly horizontal plane parallel waves. Due to the fact that the modulus of incremental displacements
is plotted, the spacing between these plane waves is one half of the corresponding wavelength.
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Prescribed horizontal traction
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b b
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Prescribed horizontal traction
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Fig. 14. Time-harmonic loading of an elastic block under boundary conditions investigated by Ryzhak. Left: null prescribed displacement on the whole
boundary, except for the two zones of length c, where vertical displacements are null and horizontal loading is prescribed. Right: null prescribed
displacement on the whole boundary, except for one zone of length c on the left edge and two zones of length c=2 near the corners of the right edge, where
vertical displacements are null and horizontal loading is prescribed.
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Fig. 15. Level sets of the modulus of incremental displacements for the boundary value problem sketched in Fig. 14 on the left. A Mooney–Rivlin
material, l�=l ¼ 1, is considered at different values of pre-stress k and dimensionless frequency parameter Xb=c0. In particular, Xb=c0 ¼ 0:001 corresponds
to a quasi-static approximation. Note the emergence of shear bands for k ¼ 0:88, i.e. when the elliptic boundary is approached.
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Fig. 16. Level sets of the modulus of incremental displacements for the boundary value problem sketched in Fig. 14 on the right. An anisotropic material,
l�=l ¼ 1=4, is considered at different values of pre-stress k and dimensionless frequency parameter Xb=c0. In particular, Xb=c0 ¼ 0:001 corresponds to a
quasi-static approximation; in this case, note the clear emergence of shear bands for k ¼ 0:83, i.e. when the elliptic boundary is approached.
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For l�=l ¼ 1=4, loss of ellipticity occurs at k � 0:866, so that we may see that approaching this value (k ¼ 0:83 in the
figure), shear bands becomes visible in Fig. 16 at low frequency, Xb=c0 ¼ 0:001, while wave interactions tend to modify the
structure of the shear bands into a complex pattern at high frequency, Xb=c0 ¼ 4:3.
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Fig. 17. Performance comparison between the proposed approach based on the directly-derived traction Green’s function, Eqs. (53) and (55), and the
conventional approach’ based on the traction obtained from the displacement Green’s function. The problem with Ryzhak boundary conditions (Figs. 11
and 12) is analyzed. The accuracy corresponding to increasing numbers of integration Gauss points for Green functions (NG) and boundary elements
(NB) is shown in comparison with the analytical solution.
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We remark finally that the above simple examples show how the perturbation technique introduced by Bigoni and
Capuani [5,6] can be used to visualize the complex wave patterns emerging in proximity of the elliptic boundary.
7. The numerical performance of the proposed approach

A novel formula for the Green’s function for incremental tractions has been derived, Eqs. (53) and (55). This formula is
much simpler and direct than that usually obtained taking the gradient of the Green’s function for incremental displace-
ments and applying the constitutive tensor. We therefore expect that a boundary element technique based on the former
formula is much more efficient than one based on the latter. To quantify the advantage of the novel technique, comparing
computing times and precision, we have implemented both formulae in our boundary element computer code.

We have analyzed several cases and found comparable results, so that, for the sake of conciseness, we report in Fig. 17
results only for the boundary value problem analyzed in Section 6.4.1 (see Figs. 11 and 12), for which the analytical solu-
tion is known. The three graphs in Fig. 17 are similar to the graph presented in Fig. 12, but here they show the numerical
solution corresponding to different number of Gauss points for integration of the Green’s functions (label ‘NG’), and for
the spatial integration over the boundary elements (label ‘NB’). Both the numerical results given by the alternative formu-
lations of the fundamental solution are reported. In particular, the approach based on the Green’s function given by Eqs.
(53) and (55) is labelled ‘Proposed approach’, while the other ‘Conventional approach’. We can see that the proposed
approach is characterized by a higher precision near the resonance vibration frequencies, and the conventional approach
shows a significant loss of accuracy at low values of Gauss points, NG and NB.

A comparison between the CPU times obtained using the two approaches is reported in Fig. 18, where the CPU time
measured employing the proposed approach, subtracted to the time measured using the conventional approach (and the
result normalized through division by the latter time), is reported as a function of the pre-stress k. Although the solution
reported in Fig. 17 is not affected by k, this parameter enters the numerical procedure, which becomes heavier when k

approaches the limit of ellipticity (k = 1). It is evident from Fig. 18 that the proposed approach yields a great reduction
in the CPU times (only weakly dependent on k), thus confirming its superior efficiency.
8. Conclusions

We have introduced a boundary element formulation for time-harmonic, small-amplitude vibrations, superimposed
upon a homogeneous plane strain deformation of an orthotropic, incompressible solid. A new expression for the Green’s
function for incremental applied tractions has been obtained (Eqs. (53) and (55)), which turns out to be particularly suit-
able for numerical calculations. In particular, our results reveal that the use of the new expression yields both a huge
increase in performance and an excellent gain in precision, when compared to the usual procedure in which the employed
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Green’s function for incremental applied tractions is obtained from the gradient of the Green’s function for incremental
displacements.

The proposed boundary element technique has proved to be suitable to analyze time-harmonic, small-amplitude vibra-
tions superimposed upon homogeneously pre-stressed, incompressible elastic solids. The main advantages of the method
are as follows:

• the treatment of the incompressibility constraint does not cause any problem;
• in the case of inclusions in infinite domains, the technique allows automatic consideration of the radiation condition at

infinity and is especially convenient, since only the boundary of the inclusion is discretized;
• the technique can be used to analyze, with satisfying accuracy, localized deformation patterns emerging near the bound-

ary of loss of ellipticity;
• The proposed approach, based on the explicit expression of the incremental-traction fundamental solution, Eqs. (53)

and (55), is much more efficient than the conventional approach (employed for instance by Brun et al. [11] for quasi-
static loading).

Another important feature of our boundary element technique is that it allows investigation of vibrational properties of
structures loaded near bifurcation points or shear bands thresholds. Therefore, the technique represents the ‘dynamical
counterpart’ of the approach presented by Brun et al. [11,12] and allows investigation of features of instability not directly
approachable through conventional techniques.

As a final comment, we remark that the pre-stress has been shown to strongly influence the vibrational response of struc-
tures, so that the presented numerical technique may become a useful tool for analyzing the behaviour of highly pre-
stressed mechanical systems.
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Appendix A. On the singular integrals in Eqs. (51)1,2

We consider now Eq. (51)1 and begin by noting that
I
jxj¼1

n1

x1

dx
x � x ¼

n1

r

Z
--

2p

0

da
cos a cosðaþ hÞ ¼ 0; ðA:1Þ
so that, assuming (52), Eq. (51)1 can be written as
s1
1 static ¼

1

2p2ð1þ kÞr

Z
--

p

0

½ð1� kÞ tanðaþ hÞ � ð2� k � vÞ sinðaþ hÞ cosðaþ hÞ� cos / cos aþ sin / sin a
cos aKðaþ hÞ da: ðA:2Þ
Since the factor multiplying cos / vanishes in Eq. (A.2), we get the form (54)1 of quasi-static traction.
Let us consider now Eq. (51)2 and note that
I

jxj¼1

n2

x2

dx
x � x ¼

n2

r

Z
--

2p

0

da
cos a sinðaþ hÞ ¼ 0; ðA:3Þ
so that we can write
s2
2 static ¼ �

1

2p2ð1þ kÞr

Z
--

p

0

½ð1þ kÞ cotðaþ hÞ � ð2þ k � vÞ sinðaþ hÞ cosðaþ hÞ� cos / cos aþ sin / sin a
cos aKðaþ hÞ da: ðA:4Þ
Since the factor multiplying cos / vanishes in Eq. (A.4), we get the form (54)2 of quasi-static traction.

Appendix B. Regularization of the quasi-static tractions (54)1,2

The regularized expressions (55) have been derived by using the following Cauchy principal values
Z
--

p

0

da
p=2� a

¼ 0;

Z
--

p

0

da
b� a

¼ log
b

b� p





 



: ðB:1Þ
Regularized equations alternative to (55) can be obtained, assuming 0 6 jhj 6 p and using the Cauchy principal values
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Z
--

p

0

da
cos a

¼ 0; ðB:2Þ

Z
--
p

0

da
cosðaþ hÞ ¼

�4 tan h�1ðtan h
2
Þ if � p

2
< h < p

2

�4 tan h�1 cot h
2


 �
if p

2
< jhj < p

8<: ðB:3Þ

Z
--

p

0

da
sinðaþ hÞ ¼ 2 log cot

jhj
2

� �
; ðB:4Þ
in the form
s1
1 static ¼

sin /
2p2ð1þ kÞr

(
�4ð1� kÞ j cos hj

c1c2 sin h
tanh�1

tan h
2

if � p
2
< h < p

2

cot h
2

if p
2
< jhj < p

( ! 

þ ð1� kÞ
Z p

0

tanðaþ hÞ tan a
Kðaþ hÞ þ cot h

cos aKðp=2þ hÞ �
j cos hj

c1c2 cosðaþ hÞ sin h

� 	
da

�ð2� k � vÞ
Z p

0

sinðaþ hÞ cosðaþ hÞ tan a
Kðaþ hÞ þ cos h sin h

cos aKðp=2þ hÞ

� 	
da

)
;

s2
2 static ¼ �

sin /
2p2r

2
sin jhj
cos h

log cot
jhj
2

� �
þ
Z p

0

cotðaþ hÞ tan a
Kðaþ hÞ þ tan h

cos aKðp=2þ hÞ �
j sin hj

cos h sinðaþ hÞ

� 	
da

�
� 2þ k � v

1þ k

Z p

0

sinðaþ hÞ cosðaþ hÞ tan a
Kðaþ hÞ þ cos h sin h

cos aKðp=2þ hÞ

� 	
da

�
;

s1
2 static ¼

cos /
2pð1þ kÞr

1� v
c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p þ 1þ kffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p
� �

� sin /
2p2ð1þ kÞr

Z p

0

tan a
Kðaþ hÞ ð1� vÞ sin2ðaþ hÞ � ð1þ kÞ cos2ðaþ hÞ

� ��
� 1

Kðp=2þ hÞ cos a
ð1� vÞ cos2 h� ð1þ kÞ sin2 h
� ��

da;

s2
1 static ¼

cos /
2pð1þ kÞr

1� vffiffiffiffiffiffiffiffi�c2

p þ ffiffiffiffiffiffiffiffi�c1

p þ 1� k
c1

ffiffiffiffiffiffiffiffi�c2

p þ c2

ffiffiffiffiffiffiffiffi�c1

p
� �

þ sin /
2p2ð1þ kÞr

Z p

0

tan a
Kðaþ hÞ ð1� vÞ cos2ðaþ hÞ � ð1� kÞ sin2ðaþ hÞ

� ��
� 1

Kðp=2þ hÞ cos a
ð1� vÞ sin2 h� ð1� kÞ cos2 h
� ��

da:

ðB:5Þ
The limits when h equals 0 or p in Eq. (B.5)1 and when h equals p=2 or 3p=2 in Eq. (B.5)2 are
s1
1 static ¼

sin /
2p2ð1þ kÞr � 2

c1c2

þ ð1� kÞ
Z p

0

tan2 a
KðaÞ �

sin a
c1c2 cos2 a

� 	
da

�
�ð2� k � vÞ

Z p

0

sin2 a
KðaÞ da

�
; for h ¼ 0; p; ðB:6Þ

s2
2 static ¼

sin /
2p2r

�2þ
Z p

0

tan2 a
Kðaþ p=2Þ �

sin a
cos2 a

� 	
da

�
� 2þ k � v

1þ k

Z p

0

sin2 a
KðaÞ da

�
; for h ¼ p=2; 3p=2: ðB:7Þ
Appendix C. Green’s function for tractions on a line element inclined at hþ / for linear isotropic (compressible) elasticity and

quasi-static deformation

For linear, isotropic and compressible elasticity, the quasi-static Green’s function is [10]:
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u1
1 ¼

1

8plð1� mÞ ½�ð3� 4mÞ log r þ cos2 h�;

u2
2 ¼

1

8plð1� mÞ ½�ð3� 4mÞ log r þ sin2 h�;

u1
2 ¼ u2

1 ¼
sin h cos h
8plð1� mÞ ;

ðC:1Þ
where m is Poisson’s ratio and l the shear modulus.
Taking the gradient of Eqs. (C.1) and employing the elastic constitutive tensor, the components of the Green’s functions

for applied tractions on a plane inclined at hþ / are
s1
1 ¼ � sin /

1� 2mþ 2 cos2 h
4pð1� mÞr ;

s2
2 ¼ � sin /

1� 2mþ 2 sin2 h
4pð1� mÞr ;

s1
2 ¼ �

ð1� 2mÞ cos /þ 2 sin / cos h sin h
4pð1� mÞr ;

s2
1 ¼
ð1� 2mÞ cos /� 2 sin / cos h sin h

4pð1� mÞr :

ðC:2Þ
The case of an incompressible material can be obtained from Eqs. (C.2) simply by setting m ¼ 1=2. It may be important to
note that for / = 0 and / ¼ p all components of the Green’s function for tractions vanish in the incompressible case.
Moreover, s1

2 ¼ s2
1 in the incompressible case or when / ¼ p=2 or / ¼ 3p=2.
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