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In this chapter, examples of structures buckl
compressed elements are present, slightly diffe
by the authors. These simple structures exhibit
instance, multiple configurations of vanishing
case. Flutter instability as induced by dry frict
pendulum, with the same arrangement presented
now considering the dynamical effects due to
previously neglected. It is shown that, for the v
our experimental setup, this effect does not c
previous results remain fully confirmed.
1.1. Introduction

The first example of an elastic structure buc
elements subject to compression, has been pr
This finding opens new possibilities in the de
chapter, we present a single-degree-of-freedo
slightly generalizing - that found by [ZAC 1
previously investigated systems are elements of
a, perhaps, "unexpected way". Moreover, we
single-degree-of-freedom system, further reve
Chapter written by
Daniele ZACCARIA.

Davide BIGONI,

Diego
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curvature analyzed by Bigoni et al. [BIG 12b]. The presence of an additional spr
has an important effect on the post-critical behavior, so that two configurations
addition to the trivial one) corresponding to a null external force are found.

Finally, we reconsider the frictional instability setup analyzed by Bigoni a
Noselli [BIG 11], where a follower tangential load is transmitted by friction a
freely rotating wheel mounted at the end of a Ziegler pendulum [ZIE 77]. T
application of a follower tangential load to a structure was a problem previou
unsolved [ELI 05, KOI96] , but important from both a theoretical (see,
instance, [KIR 10]) and applicative point of view (for instance , to ene
harvesting [DOA 11]). Within the same setting considered by Bigoni a
Noselli [BIG 11], we now analyze the effects on dynamics of the inertia of the wh
and we show that, for the values of inertia pertinent to the experimental setting us
these effects are negligible, so that previous results are now fully confirmed.

~.2.

Buckling in tension

Structures buckling under tensile dead loading (without elements subject
compression) were discovered by Zaccaria et al. [ZAC 11], who pointed out
simple example of the single-degree-of-freedom system as shown in Figure 1.1.

They also developed the concept by replacing the rigid rods with deforma
elements. Though the finding by Zaccaria et al. [ZAC 11] might seem an isola
case, we state, on the contrary, that a broad class of structures buckling in tension c
be invented. To substantiate this statement, we provide, as an example, the n
single-degree-of-freedom system as shown in Figure 1.2, where two rigid rods
connected through a roller constrained to slide orthogonally to the left rod.

For this structure, bifurcation load and equilibrium paths can be calculated
considering the bifurcation mode illustrated in Figure 1.2 and defined by the rotat
angle ¢ . The elongation of the system and the total potential energy are, respective

t1 = l

(_1 -1) ,
cos ¢

1

W( ¢)=-k ¢ 2 -Fl
2

(1 )
~-1
cos ~

,

[1

so that the force at equilibrium satisfies
2

F = k¢ cos ¢.
l sin e

[1

the experimental setting used,
now fully confirmed.

(without elements subject to
AC 11], who pointed out the
n as shown in Figure 1.1.
le rigid rods with deformable
C 11] might seem an isolated
uctures buckling in tension can
ride, as an example, the new
1.2, where two rigid rods are
nally to the left rod.
m paths can be calculated by
1.2 and defined by the rotation
ential energy are, respectively,

Figure 1.1. A single-degree-of-freedom struc
under tensile dead loading, where two rigid
slider [ZAC 11

k r--~--F

eb

~

.~ :F,:J;~ <Pcr- ---~/
r.. I~;~,~_
' --==..
I

P;;,.:Q- - F

r,

~

1'-

.

;.,;.: ((

!

[1.1]

[1.2]

o

Figure 1.2. Bifurcation ofa single-degree-of-freedom
(the rods of length l are rigid and connected throug
along the line orthogonal to the rigid rod on the left)
attached to the hinge on the left, provides the elastic s
bifurcation and softening in tension is reported on th
denotes an initial imperfection
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Analysis of the second-order derivative of the strain energy reveals that the triv
solution is stable up to the critical load Fer = kll , while the non-trivial pa
evidencing softening, is unstable. For an imperfect system, characterized by an init
inclination of the rods ¢ o, we obtain

1

W(¢ ,¢o) = -k(¢-¢o) 2 -Fl
2
F

=

(1

1)

---cos ¢
cos ¢o

,

2

k (¢ - ¢o) cos ¢
l sin ¢
,

[1

so that the force-rotation relation, shown by the dashed line in Figure 1.2 for ¢o =
and ¢o = 10°, is obtained.

1.3. The effect of constraint's curvature

The strong effects related to the curvature of the profile on which a structure e
is constrained to slide have been highlighted by Bigoni et al. [BIG 12b], who show
how to exploit a constraint to induce two critical loads (one in tension and one
compression) in a single-degree-of-freedom elastic structure. This structure, as sho
in Figure 1.3, can be easily generalized by including an additional elastic spring
the hinge sliding along the profile, as shown in Figure 1.4.

In this structure , the constraint is assumed to be smooth and described in the X I reference system as X 2 = l f( 'ljJ), with 'ljJ = x - ] ] E [0,1] and f'(O) = o.

Bifurcation loads can be calculated by considering a deformed mode defined
the rotation angle ¢, assumed to be positive when clockwise. The potential energy
the system is

[1
so that the axial force at equilibrium becomes
F = _

k l ¢ + k 2 (3 (¢ ) (3' (¢ ) .
l [sin ¢ + cos ¢ f' (sin ¢ )]

[1

I line in Figure 1.2 for ¢o

=1

rofile on which a structure end
i et al. [BIG 12b], who showed
ids (one in tension and one in
icture. This structure, as shown
an additional elastic spring on
1.4.
loth and described in the
1] and f'(O) = O.

X1-X2

~

a deformed mode defined by
kwise. The potential energy of

Figure 1.3. Post-critical behavior in tension

structure . The structure has two critical lo
compression [BIG

:in ¢)] ,

[1.4]

When the profile of the constraint is circula
signed curvature X = 1'1/[1 + (1')2]3 / 2 = ±l/R
and 1.6, the axial load at equilibrium satisfies
[1.5]

F

=_

2

2

k 1 ¢ ) I - X sin ¢
l sin¢(x cos¢ + )1 - X2 sin 2 ¢

k2 [ ¢

+ sin -1 (X sin ¢)
l sin ¢

-

7r

H (X ¢
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where H denotes the Heaviside step function . Since (3 (cP)
the critical load of the system is
k1

where f "(O)

= - tan -1 [I' (sin cP)] -

+ k 2 [1 + f"(0)]2
l[l + f"(O)]

[1

= £ (0) is the signed curvature at cP = O.

Figure 1.4. A single-degree-of-freedom structure with a linear-ela stic hinge
constrained to slide along a generic profile at the right end and a rotational
linear-elastic spring at the left end

For an imperfect system, characterized by an initial inclination of the rod cPo, t
potential energy becomes

[1

- F l [cos cP - f(sin cP) - cos cPo + f (sin cPo) ] ,
so that the axial force at equilibrium is

F=

k 1 (cP - cPo)

+ k2

l [sin cP

[(3 (cP) - (3 (cPo) ] (3' (cP)

+ cos cP f' (sin cP) ]

[1

which for a circular profile becomes
F=-

k1(¢- ¢oh/1 - x2sin2 ¢
l sin ¢( x cos¢ + )1- X2 sin 2 ¢ )

+

[1.1
k2 [¢ - ¢o + sin- 1(x sin¢) + sign(x¢)sin - 1 (x sin ¢o ) - 7fH(X¢)]
l sin¢
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Figure 1.5. The force versus end disp
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Figure 1.6. The force versus end disp
single-degree-of-freedom structure, with an "Sk 2/k1 = 0.5, evidencing two buckling loads,
Note that at points labelled " 2 " and "5 ", the
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1.4. The Ziegler pendulum made unstable by Coulomb friction

The first experimental evidence of flutter and divergence instability related to d
friction has recently been provided by Bigoni and Noselli [BIG 11]. In th
experimental study, essentially based on the Ziegler's double pendulum [ZIE 7
Coulomb friction was exploited in order to provide the system with a tangent
follower force of frictional origin. This goal was achieved by endowing the doub
pendulum with a freely rotating wheel, constrained to slide with friction on
horizontal plate (see Figure 1.7 for the experimental setting and Figure 1.8 fo
sequence of images revealing flutter instability) .

Figure 1.7. The experimental setting used by Bigoni and Noselli [BIG 11] to show the
connection between Coulomb friction and dynamic instabilities such as flutter and divergenc
A Ziegler double pendulum is endowed at its tip with a freely rotating wheel, constrained t
slide on a horizontal plate and providing the system with a follower force offrictional orig

Note that, to generate a force of the frictional type, a transversal reaction betwe
plate and wheel is needed, which during the experiments was created by hanging
dead weight W on the left of the structure, used as a lever.

In their experimental study, Bigoni and Noselli [BIG 11] analyzed the stability
the double pendulum using the five different wheels, as shown in Figure 1.9; howev
in their numerical analyses, the wheel was assumed to be massless, so the aim of th
section is to show the effects on the system's dynamic of a heavy wheel.

Figure 1.8. A sequence of images (taken from
handycam at 25 frames per second) of the str
exhibiting flutter instability. The whole seque
0.40 s and the time interval between

! Noselli [BIG 11] to show the
ies such as flutter and divergence.
ly rotating wheel, constrained to
Follower force offrictional origin

a transversal reaction between
ents was created by hanging a
ver.

Figure 1.9. The five different wheels used in t
Noselli [BIG 11]. (1) Aluminum wheel with V-shaped
thickness 5 mm, weight 3 g; (2) cylindrical steel wh
5 mm, weight 18 g; (3) cylindrical steel wheel, externa
22 g; (4) steel wheel with V-shaped cross-section, ex
weight 17 g; (5) cylindrical steel wheel, external diam

G 11] analyzed the stability of
shown in Figure 1.9; however,
be massless, so the aim of this
of a heavy wheel.

When the mass of the wheel is taken into acc
cos a2 el + sin a2 e2) force P and to a tangentia
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T applied at the contact point with the moving plate as shown in Figure 1.10. The
forces can be expressed in component form as

p = - P cos a 2 el - P sin a 2 e2 ,
T = -Tsina2 el

[1.1

+ Tcos a2 e2.

where the two scalar quantities P and T have been introduced. Note that P and T
positive quantities when the forces acting on the wheel are directed as in Figure 1.1
and, in general, their absolute values equal to IPI and ITI, respectively.

The assumption of Coulomb friction at the contact point between the wheel a
the plate allows us to write
if

6; # 0 ,

if

6; = 0 ,
6; = 0 ,

if

[1.1

where R is the vertical reaction applied at the wheel and orthogonal to the movi
plane, J.Ls and J.Ld are the static and dynamic friction coefficients , respectively, and
and 6~ are the radial and the tangential components of the velocity of the wheel w
respect to the plate, which can be expressed in the forms

6

6; =

v p cos a2 - h sin(al - a2)al ,

6; =

rv» sin a2

+ h cos( al

- a2)al

+ l2a2 .

[1.1

The system is characterized by three-degrees-of-freedom, denoted by aI, a2 a
a3, and the latter representing the rotation of the wheel about its axis (see Figure 1.1
Moreover, m w , r w and h w are the mass , the radius and the thickness of the wheel.
The principle of virtual works, denoting the scalar product with " . ", is written

p. 6C + T· (6C

+ r w 6a 3 e.)

- (klal

+ ,Blad 5al +

- [k2(a2 - a l ) + ,B2(a2 - a l )]( 6a2 - 6al) +

[1.1

holding for every virtual displacement 6C, 6G I and 6G 2, functions of the virtu
rotations &~l , 6c~2 and 6a 3.

.t

Cp

.

+ CY3 T w = 0 ,

[1.12]

orthogonal follower force T provided by afreely rota
which moves with velocity of modulus V p . The two rod
connected through two rotational springs of stiffness
wheel has mass m «, radius T w and thickness h w

and m w are, resp
l2 and the mass
and 1w r are, respectively, the principal moment
vertical axis and the principal moment of inertia
and its rotation axis.
In equation [1.14], mI,

m2

h, the mass.of the rod of length
and orthogonal to the moving
efficients, respectively, and 6;
: the velocity of the wheel with
[1S

Now imposing condition [1.14] and invokin
8a3, we arrive at the system of three nonlinear
dynamics of the system
[1.13]

eedom, denoted by aI, a2 and
about its axis (see Figure 1.10).
l the thickness of the wheel.
product with " . ", is written as

[1.14]

8G 2 , functions of the virtual
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We note from equations [1.12]-[1.15] that ab a2, a3, P and T are the f
unknowns, function of time. Moreover, in the case in which sliding between
wheel and the plate is active, a situation corresponding to 6; # 0, one additio
condition has to be imposed in order to find the solution, namely, that the fo
applied to the wheel, P + T, must be directed parallel , but opposite to the relat
plate/wheel velocity, C + v p el + a3 T w et, a condition yielding
P

[1.

T

The nonlinear system of equations has been numerically solved, and for t
purpose the function "NDSolve" of Mathematica 6.0 has been used, together wit
viscous smooth approximation of the friction law [1.12] (see [ODE 85, BIG 11]).

In Figure 1.11, a comparison is found (in terms of al and a2) between
numerical results for the case of a massless (solid curves) and a heavy (dashed cur
-wheel. These results have been obtained for a dead weight W corresponding to
onset of flutter instability and assuming wheel number 3 as shown in Figure 1
From the results shown in Figure 1.11, we can conclude that the inertia of the wh
only slightly contributes to the motion of the system and can therefore be neglecte

0.25

-0.25

2
3
Time [s]

2
3
T ime [s]

4

Figure 1.11. The instantaneous rotations 0:1 and 0:2 of the Ziegler pendulum 's ro
numerically obtained as functions oftime, for massless (solid curves) and heavy (dashed curv
the assumed wheel is number 3 in Figure 1.9) wheels. The results have been obtained
a dead load W at the onset of flutter, a plate velocity v p = 50 mm/s and initial conditi
0
0:1 = 0:2 = 1

1.5. Conclusions

Instability in tension, effects of a constraint's curvature and follower loads induc
by dry Coulomb friction are new phenomena that open an important perspective in
design of structures that can become unstable at prescribed loads.

has been used , together with a
(see [ODE 85, BIG 11]).

~]

s of a 1 and a 2) between the
es) and a heavy (dashed curve)
/eight W corresponding to the
oer 3 as shown in Figure 1.9.
de that the inertia of the wheel
id can therefore.be neglected.
2 -

heavy wheel

2 -

massless wheel

by dry friction in the Ziegler double pendulum
related to a heavy frictional constraint have bee
these are negligible for the values of a c
experimental setting, but may become interestin

The structures considered in our study can be
and artificial materials, which may find broad
nanoscale.
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