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Abstract

Bifurcation of an elastic structure crucially depends on the curvature of the constraints
against which the ends of the structure are prescribed to move, an e�ect which deserves
more attention than it has received so far. In fact, we show theoretically and we provide
de�nitive experimental veri�cation that an appropriate curvature of the constraint over
which the end of a structure has to slide strongly a�ects buckling loads and can induce:
(i.) tensile buckling; (ii.) decreasing- (softening), increasing- (hardening), or constant-load
(null sti�ness) postcritical behaviour; (iii.) multiple bifurcations, determining for instance
two bifurcation loads (one tensile and one compressive) in a single-degree-of-freedom elastic
system. We show how to design a constraint pro�le to obtain a desired postcritical behaviour
and we provide the solution for the elastica constrained to slide along a circle on one end,
representing the �rst example of an inexional elastica developed from a buckling in tension.
These results have important practical implications in the design of compliant mechanisms
and may �nd applications in devices operating in quasi-static or dynamic conditions, even
at the nanoscale.
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1 Introduction

We begin with a simple example, by considering a one-degree-of-freedom elastic structure made
up of a rigid rod connected with a rotational linear elastic spring on its left end and with a
roller constrained to move on a circle (of radius Rc, centred on the rod’s axis) on the right
(Fig. 1). The structure is subject to a horizontal force, so that when this load is compressive
and the circle degenerates to a line (null curvature), the structure buckles at the compressive
force F = �k=l. Our interest is to analyze the case when the curvature of the constraint is not
null, revealing that this curvature strongly a�ects the critical load, which results to be a tensile
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Fig. 1: A one-degree-of-freedom structure (with a rotational elastic spring at its left end) evidencing compressive
or tensile buckling as a function of the curvature of the constraint (a circular pro�le with constant curvature,
b� = �4) on which the hinge on the right of the structure has to slide.

force1 in the negative curvature case (Ft = k=(3l), for b� = l=Rc = �4) and a compressive load
for positive curvature (Fc = �k=(5l), for b� = l=Rc = 4).

The example shows that the curvature of the constraint at the end of a structure deeply
a�ects its critical load2, but also the shape of the curve de�ning the constraint inuences
the postcritical behaviour, which displays a rising-load (hardening) behaviour in the case of
null curvature and a decreasing-load (softening) behaviour for circular pro�les (for instance,
when b� = �4, as in the structure shown in Fig. 1). Moreover, the postcritical behaviour
connected to the tensile (compressive) bifurcation evidences force reversal, since the tensile
(compressive) force needed to buckle the structure decreases until it vanishes and becomes
compressive (tensile), during continued displacement of the structure end.

Once the lesson on the curvature and the shape of the constraint is clear, it becomes easy
to play with these structural elements and discover several new e�ects. Some of these are listed
in the following.

� A constraint pro�le can be designed to provide a ‘hardening’, ‘softening’ or even a ‘neu-

tral’ (in which the displacement grows at constant load) postcritical behaviour. More
in general, a formula will be given to determine the shape of the pro�le to obtain a de-
sired postcritical behaviour, including situations in which the stability of the path changes
during postcritical deformation.

� A negative and a positive curvature can be combined in an ‘S-shaped constraint’ (see the
inset of Fig. 2) to yield a one-degree-of-freedom structure with two buckling loads: one

tensile and one compressive.

In the case of the ‘S-shaped constraint’, imperfections suppress bifurcations and the stability
of the equilibrium path strongly depends on the sign of the imperfection. For tensile forces,
if the imperfection has a positive sign (�0 > 0), the equilibrium path of the system becomes
unstable after a peak in the load is reached, while if the sign is negative (�0 < 0), the structure
remains in a metastable equilibrium con�guration which asymptotically approaches an unstable
con�guration (Fig. 2).

1Tensile buckling of an elastic structure governed by the elastica, in which all elements are strictly subject to
tension, has been recently discovered by Zaccaria et al. (2011).

2The fact that the curvature inuences the critical load was observed in di�erent terms already by Timoshenko
and Gere (1936), who analyzed the case of the so-called ‘load through a �xed point’. However, they did not
generalize the problem enough to discover that: tensile buckling, multiple bifurcations and inexional tensile
elastica during the postcritical behaviour can be obtained, which is the topic attacked in the present article.
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Fig. 2: The behaviour of a one-degree-of-freedom structure evidencing two buckling loads, one compressive and
one tensile. These are the e�ect of the discontinuity in the curvature of the (piecewise circular) constraint. Note
that: (i.) the two unstable postcritical branches are identical modulo a horizontal shift and that (ii.) during
the postcritical behaviour there is a force reversal, with a transition from tensile (compressive) to compressive
(tensile) load.

Finally, we can appreciate the role played by the curvature of a constraint in the more inter-
esting case of a structural element governed by the elastica, a research aspect passed unnoticed
until now. We show that consideration of this curvature provides a generalization of the �nd-
ings by Zaccaria et al. (2011), so that their ‘slider’ can be seen as a special case of the curved
constraint introduced in the present article and the elastica developing after a tensile buckling is
of inexional type, while that investigated by Zaccaria et al. (2011) is non-inexional. We fully
develop the theory of the elastica constrained to slide with a rotational spring along a circle on
one of its ends and we experimentally con�rm the theoretical �ndings with experiments designed
and realized by us at the Laboratory for Physical Modeling of Structures and Photoelasticity.

The article is organized as follows. We begin presenting a generalization of the one-degree-of-
freedom structure shown in Fig. 1, to highlight: (i.) the e�ects of the curvature of the constraint,
(ii.) the multiplicity of bifurcation loads, (iii.) the behaviour of the imperfect system, and (iv.)
the possibility of designing a constraint pro�le to obtain a given postcritical behaviour. Later
we analyze a continuous system, made up of an inextensible beam governed by the Euler elas-
tica and we solve the critical loads and the nonlinear postcritical large-deformation behaviour,
through explicit integration of the elastica. We systematically complement theoretical results
with experiments con�rming all our �ndings for discrete and continuous elastic systems. A
movie providing a simple illustration of the concepts exposed in this article, together with a
view of experimental results, is provided in the electronic supplementary material, see also
http://ssmg.ing.unitn.it/.

2 E�ect of the constraint’s curvature on a one-degree-of-freedom elastic structure

Bifurcation load and equilibrium paths of the one-degree-of-freedom structure illustrated in
Fig. 3 (where the constraint is assumed smooth and described in the x1{x2 reference system as
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x2 = l f( ), with  = x1=l 2 [0; 1] and f 0(0) = 0) can be calculated by considering a deformed
mode de�ned by the rotation angle �. Assuming a possible imperfection in terms of an initial
inclination �0, the elongation of the system and the potential energy are respectively

� = l [cos�� cos�0 � f(sin�) + f(sin�0)] (1)

and

W (�) =
1

2
k(�� �0)

2 � Fl [cos�� cos�0 � f(sin�) + f(sin�0)] ; (2)

so that solutions of the equilibrium problem are governed by

F = �
k (�� �0)

l[sin�+ cos� f 0(sin�)]
; (3)

where f 0 = @f=@ , so that the critical load for the perfect system, �0 = 0, is

l

d

x1

x2

k
Ft

x =l f( )2 y

f

Fig. 3: A one-degree-of-freedom structure with an hinge constrained to slide along a generic smooth pro�le at
the right end and a rotational linear-elastic spring at the left end.

Fcr = �
k

l[1 + f 00(0)]
; (4)

where, since f 0(0) = 0, f 00(0) = b�(0) is the signed curvature at � = 0. Stability can be judged
on the basis of the sign of the second derivative of the potential energy

@2W (�)

@�2
= k + Fl

�
cos�� f 0 sin�+ f 00 cos2 �

�
; (5)

showing that the trivial con�guration of the perfect system is always unstable beyond the critical
load.

In the case when the pro�le of the constraint is a circle3 of dimensionless radius 1=jb�j = 1=lj�j
as in Fig. 1, the non-trivial equilibrium con�gurations are given by

F = �
k (�� �0)

p
1 � b�2 sin2 �

l sin�(b� cos�+
p

1 � b�2 sin2 �)
; (6)

and result to be stable when

1 � b�2 sin2 �� (�� �0)(cot �� b� sin�

q
1 � b�2 sin2 �) > 0: (7)

Eqs. (6) and (7) have been used to solve the special case of Fig. 1 (b� = �4), with an ‘S-shaped’
constraint (so that b� is discontinuous at � = 0), to obtain the results plotted in Fig. 2.

3Note that in the case of a circle the dimensionless signed curvature is b� = �l=Rc, with l being the length of
the rigid bar and Rc the radius of the circle.
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2.1 The design of the postcritical behaviour

It is important to emphasize that the shape of the pro�le on which one end of the structure has

to slide can be designed to obtain ‘desired postcritical behaviours’. Let us assume that we want
to obtain a certain force-displacement F=� postcritical behaviour for the structure sketched in
Fig. 3. Since

� = l
hp

1 �  2 � f( )
i
; (8)

to assume a certain F=� relation is equivalent to assume a given dependence of F on  ; therefore
we introduce the dimensionless function

�( ) =
l

k
F (�( )): (9)

Employing Eq. (3) we obtain the condition

f( ) =
p

1 �  2 �

Z  

0

arcsin 

�()
p

1 � 2
d ; (10)

satisfying f(0) = 1 and f 0(0) = 0.
Three di�erent pro�les designed to obtain particular force F versus rotation � postcritical

behaviours (a sinusoidal, a circular and a constant) are sketched in Fig. 4. An interesting
case is that of the neutral (or constant) postcritical behaviour, in which the rotation � (and
therefore also the displacement) can grow at constant load4, which can be obtained employing
the constraint pro�le expressed as

f( ) =
p

1 �  2 �
1

2�

�
arcsin 

�2

where � =
Fcrl

k
: (11)
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Fig. 4: Designed pro�les (on the right) to obtain a given force-rotation postcritical response (on the left). The
postcritical responses, given in terms of dimensionless force versus rotation of the structure are: sinusoidal,
circular and constant (or ‘neutral’).

4A neutral postcritical behaviour has been found also by G�asp�ar (1984) employing a structural model com-
pletely di�erent from that considered by us.
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2.2 Experiments on one-degree-of-freedom elastic systems: multiple buckling and
neutral postcritical response

The behaviours obtained employing the simple one-degree-of-freedom structures are not a math-
ematical curiosity, but can be realized in practice. In particular, we have realized the `S-shaped'
circular constraint shown in the inset of Fig. 2 and the pro�l e illustrated in Fig. 4 (on the right,
labelled `constant'), the latter to show a `neutral' or, in other words, `constant-force', response.
The experimental apparatuses are shown in Fig. 5 and in Fig. 6(the former relative to the
`S-shaped' semi-circular pro�le, the latter to the pro�le p roviding the neutral post-critical re-
sponse), where the grooves have been laser cut (by HTR Laser &Water cut, BZ, Italy) in a 2
mm thick plate of AISI 304 steel and the roller has been realized with a (17 mm diameter) steel
cylinder mounted with two roller bearings (SKF-61801-2Z). The rigid bar 600 mm � 50 mm
� 20 mm have been machined from an aluminium bar and lightened with longitudinal grooves
(see Appendix A), so that its �nal mass is 820 gr. The hinge with rotational spring has been
realized with three identical rotational springs, which have been designed using equations (32)
of Brown (1981) and realized in (4 mm diameter) music wire ASTM A228, see Appendix A for
further details.

Fig. 5: Experimental set-up for the `S-shaped' structure with a gro ove corresponding to two circles. Two photos
taken during elongation (shortening) are reported on the le ft (on the right).

Load/displacement curves are reported in Fig. 7 for the `S-shaped' circular pro�le and in
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