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Abstract

Notch stress intensity factors and stress intensity factors are obtained analytically for iso-
toxal star-shaped polygonal voids and rigid inclusions (and also for the corresponding limit
cases of star-shaped cracks and sti�eners), when loaded through remote inhomogeneous
(self-equilibrated, polynomial) antiplane shear stress in an in�nite linear elastic matrix.
Usually these solutions show stress singularities at the inclusion corners. It is shown that
an in�nite set of geometries and loading conditions exist for which not only the singularity
is absent, but the stress vanishes (`annihilates') at the corners. Thus the material, which
even without the inclusion corners would have a �nite stress, remains unstressed at these
points in spite of the applied remote load. Moreover, similar conditions are determined in
which a star-shaped crack or sti�ener leaves the ambient stress completely unperturbed,
thus reaching a condition of `quasi-static invisibility'. Stress annihilation and invisibility
de�ne optimal loading modes for the overall strength of a composite and are useful for
designing ultra-resistant materials.

Keywords: fracture mechanics, notch stress intensity factor, sti�ener, Neutrality, composites.

1 Introduction

The knowledge of the stress intensity factor (SIF) and of thenotch stress intensity factor (NSIF),
respectively, for star-shaped cracks/sti�eners and isotoxal star-shaped polygonal voids/rigid-
inclusions is crucial as they represent failure criteria inthe design of brittle-matrix composites
[2]. Therefore, results presented in Part I [1] of this studyare complemented with the analytical,
closed-form determination of SIF and NSIF. In this way, a full characterization of the stress
�elds near star-shaped cracks/sti�eners and polygonal voids/rigid-inclusions is reached. This
allows for the analysis of the conditions of inclusion neutrality that occur when the ambient
�eld is left unperturbed outside the inclusion. The neutral ity condition has been thoroughly
analyzed [3, 5, 13, 17, 18, 19, 20, 21] because it provides a criterion for the introduction of
an inclusion in a composite without a loss of strength and because it is a problem linked to
homogenization techniques for composites [8].

Recently, elastic cloaking in metamaterials has demonstrated wave invisibility [6, 7, 9, 10,
11, 14, 15] and is, in a sense, a dynamic counterpart to neutrality. Both neutrality and invis-
ibility are strong conditions that cannot be achieved in an exact sense for a perfectly bonded
inclusion [7, 17]. So neutrality, in statics, has been relaxed with the introduction of `quasi-
neutrality' [4], which allows rapidly decaying stress singularities at the inclusion boundary to
be neglected. In fact, considering a problem of inclusion involving singularities (as for instance
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at an inclusion vertex) it seems at a �rst glance impossible to achieve neutrality or invisibility.
Nevertheless, it will be demonstrated in this article that two special cases exist for an in�nite
class of geometries and modes of loading in which the `usual'stress singularity is absent. One
of these situations occurs at the vertex of a star-shaped void or rigid inclusion and will be
termed `stress annihilation', while the other, occurring for a star-shaped crack or sti�ener, will
be termed `quasi-static invisibility' (or full neutrality ). In the former case, the stressvanishes
at the corner of the void/inclusion, instead of displaying the singularity which would be usu-
ally expected at a sharp corner, while, in the latter case, the star-shaped crack or star-shaped
inclusion leaves the ambient stress �eldcompletely unperturbed, so that the inclusion becomes
`invisible' or `fully neutral' (the word `neutrality' is we ak, because in the case analyzed in this
article the stress remains completely undisturbed everywhere in the matrix, so that the inclu-
sion simply `disappears'). Note that the conditions of stress annihilation and invisibility imply
that the material does not fail at the void/inclusion/crack /sti�ener points, but far from them
and only when the material would break in the unperturbed problem. It is also shown that
there are speci�c situations in which a partial invisibilit y and a partial stress annihilation is
reached. In these cases invisibility or stress annihilation are veri�ed at some but not all of the
points of the star-shaped crack/sti�ener or void/inclusio n, so that in these cases failure of the
material occurs at the points where the stress remains singular.

The results obtained in the present article (and in Part I) refer to regular shapes of in-
clusions/cracks and to an in�nite elastic domain, so that it is natural to address the question
on how these two idealizations a�ect the results, particularly for quasi-static invisibility and
stress annihilation. It is therefore shown that these situations can also be met for irregular
star-shaped voids and cracks. Moreover, a numerical (�niteelements) analysis shows that the
features are present also for �nite domains.

The present article is organized as follows. In Section 2 theSIFs and NSIFs, respectively
for star-shaped cracks and sti�eners and for isotoxal star-shaped void and rigid inclusions will
be determined. Note that the determination is in a closed-form, so that the solution does not
involve in�nite series. In section 3 results will be presented in terms of stress �elds around voids
and cracks. Also in Section 3 the conditions for quasi-static invisibility and stress annihilation
will be explained in detail, together with the situations of partial invisibility and partial stress
annihilation. Generalizations to irregular star-shaped voids/inclusions (and cracks/sti�eners)
and inclusions in a �nite domain will be covered in Section 3.3.

2 Stress and Notch Intensity Factors

A measure of the stress intensi�cation at an inclusion vertex can be obtained through the
evaluation of the Stress Intensity Factor (SIF) for a star-shaped crack or a sti�ener and of the
Notch Stress Intensity Factor (NSIF), in the case of a polygonal void or rigid inclusion. The
de�nition of these factors is given in relation to the speci� c form of remote shear stress (� � 3

and � � 3 in a polar coordinate system� , � , and x3), in a way that the asymptotic singular �elds
are represented by a constant depending only on the boundaryconditions [16]. In particular,
with reference to the decomposition (considered in Part I) of the displacement �eld w in its
symmetric and antisymmetric parts,

� A
� 3(�; 0) = � S

#3(�; 0) = 0 ; (1)

the de�nition of SIF is introduced for star-shaped crack or sti�ener

K S
III = lim

� ! 0

p
2�� � � 3(�; 0); K A

III = lim
� ! 0

p
2�� � #3(�; 0); (2)
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while, for star-shaped void or rigid inclusion, the de�niti on of NSIF is introduced as

K S
III = lim

� ! 0

p
2� � � � S

1 � � 3(�; 0); K A
III = lim

� ! 0

p
2� � � � A

1 � #3(�; 0): (3)

Note that, di�erently from the de�nition of SIF, the de�niti on of NSIF provides non-null
values even in the case of non-singular leading-order terms, corresponding to the case of a
non-negative smaller eigenvalue,� 1 � 0 (see Table 1 in Part I of this study).

Following the procedure proposed in [12], a closed-form expression for K (m)
III is obtained,

by considering isotoxal star-shaped voids or star-shaped cracks and rigid-inclusions within an
isotropic matrix subject to a remote generic polynomial stress condition of orderm (as in-
troduced in Part I). The SIF and NSIF, obtained with reference to the situation in which an
inclusion vertex lies on the positive part of x1 axis (see Fig.2 in Part I), are crucial to predict
fracture initiation (or propagation), via energy release rate, [23, 24, 25].

2.1 SIF for star-shaped crack or sti�ener

Using the complex potential obtained in Part I for the case ofn-pointed star-shaped crack or
sti�ener (equation (51) of Part I), the stress �eld can be expressed in the transformed plane as

� (m)
13 � i� (m)

23 =
am 2

2
n � t

(1 � � � n ) (1 + � � n )
2� n

n

qX

j =0

(m + 1 � jn )
j !

�
T (m) � m� jn � � T (m) 1

� m+2 � jn

� j � 1Y

l=0

(t � l );

(4)
where � = 1 ( � = � 1) for a void (for a rigid inclusion). Equation (4) can be expanded about
the vertex of the inclusion (at x1 = a and x2 = 0), by introducing � = 1 + � � with j� � j! 0
(corresponding to z = a + z� with jz� j! 0, see Fig. 2 in Part I), as

� (m)
13 � i� (m)

23 '
am

h
b(m)

0 (1 � � ) � ic(m)
0 (1 + � )

i

2t � 1n(m + 1) � �

qX

j =0

(m + 1 � jn )
j !

j � 1Y

l=0

(t � l ): (5)

Considering now the conformal mapping [equation (42) of Part I], the relationship between
the physical coordinatez� = �e i# and its conformal counterpart � � can be expanded as

� � ' 2

r
�

na
e

i#
2 ; (6)

so that the following asymptotic expansion in the physical plane is obtained

� (m)
13 � i� (m)

23 '
am p

a
h
b(m)

0 (1 � � ) � ic(m)
0 (1 + � )

i

2t (m + 1)
p

n�

�
cos

#
2

� i sin
#
2

� qX

j =0

(m + 1 � jn )
j !

j � 1Y

l=0

(t � l );

(7)

from which, according to the asymptotic description (Sect.2:2 in Part I), the square root stress
singularity at the star point is evident. Using de�nition (2 ), the SIF can be evaluated as

(
K S

III (n; m)

K A
III (n; m)

)

=
2

n � 4( m +1)
2n am

m + 1

r
�a
n

2

4
qX

j =0

(m + 1 � jn )
j !

j � 1Y

l=0

(t � l )

3

5

8
<

:

(1 � � )b(m)
0

(1 + � )c(m)
0

9
=

;
; (8)
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so that the SIFs for a star-shaped crackK I
III (n; m) or a star-shaped sti�ener K H

III (n; m) are

(
K HS

III (n; m)

K I A
III (n; m)

)

=
2

3n � 4( m +1)
2n am

m + 1

r
�a
n

2

4
qX

j =0

(m + 1 � jn )
j !

j � 1Y

l=0

(t � l )

3

5

8
<

:

b(m)
0

c(m)
0

9
=

;
; (9)

and K HA
III (n; m) = K I S

III (n; m) = 0.
Taking into account the de�nition of remote applied shear stress� 1

13 and � 1
23 [see equation

(7) of Part I], which provides the unperturbed stress components as a function of the loading
parametersb(m)

0 ; c(m)
0 , the Stress Intensity Factors (9) can be rewritten as

(
K HS

III (n; m)

K I A
III (n; m)

)

=
2

3n � 4( m +1)
2n

(m + 1)
p

n

2

4
qX

j =0

(m + 1 � jn )
j !

j � 1Y

l=0

(t � l )

3

5 p
�a

(
� 1 (m)

13 (a; 0)

� 1 (m)
23 (a; 0)

)

: (10)

The SIFs are reported in Fig. 1 as functions of the numbern of the tips and for di�erent
orders m of the applied remote polynomial antiplane shear loading. Expression (10) for the
SIFs simpli�es in the special cases listed below.

� t = 2( m + 1) =n 2 N,

(
K HS

III (n; m)

K I A
III (n; m)

)

=
2

3n � 4( m +1)
2n

(m + 1)
p

n

qX

j =0

t! (m + 1 � jn )
j ! (t � j )!

p
�a

8
<

:

� 1 (m)
13 (a; 0)

� 1 (m)
23 (a; 0)

9
=

;
: (11)

� n > m + 1 (and therefore q = 0),

(
K HS

III (n; m)

K I A
III (n; m)

)

=
2

3n � 4( m +1)
2n

p
n

p
�a

8
<

:

� 1 (m)
13 (a; 0)

� 1 (m)
23 (a; 0)

9
=

;
: (12)

This case embraces an in�nite set of solutions, one such solution is that for a cruciform
crack (n = 4, Fig.4 of Part I) subject to uniform, linear and quadratic remote antiplane
shear load (m = 0 ; 1; 2).

� n = 2 (crack or sti�ener inclusions),

(
K HS

III (n; m)

K I A
III (n; m)

)

=
p

�a
2m (m + 1)

qX

j =0

(m + 1)! ( m + 1 � 2j )
j ! (m + 1 � j )!

8
<

:

� 1 (m)
13 (a; 0)

� 1 (m)
23 (a; 0)

9
=

;
: (13)

Note that, in the particular case of uniform antiplane shear (m = 0), equation (12) provides
the same result as equation (32) in [22].

2.2 NSIF for isotoxal star-shaped void and rigid inclusion

For the derivation of SIFs and NSIFs, di�erent methods (FE analysis, BE analysis, Singular
integral equations etc.) are involved [16, 26, 27, 28, 29, 30], so that closed-form expressions
of SIFs and NSIFs using full-�eld information, to the best of authors' knowledge, have only
been provided for the case of polygonal voids and rigid inclusions inclusions under uniform anti-
plane condition (m = 0) [12]. The NSIFs at the vertex of an n-pointed isotoxal star void or
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Figure 1: Stress intensity factors for both star-shaped cracks K I
III and star-shaped sti�eners K H

III as functions
of the number n of crack or sti�ener tips, for di�erent orders m of the applied remote polynomial antiplane shear
loading. Note that, due to the division by the unperturbed str ess� 1

� 3 evaluated at the inclusion vertex ( a; 0),

cracks (� = 1) and sti�eners ( � = 2) display the same SIF, independently of the loading param eters b( m )
0 and

c( m )
0 . A single crack or sti�ener corresponds to n = 2, which in all cases does not correspond to the maximum

SIF.
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Figure 2: Notch stress intensity factors for both isotoxal star-shape d polygonal voids K I
III and rigid inclusions

K H
III for S = 2, functions of the order m of the applied remote polynomial antiplane shear loading. No te that,

due to the division by the unperturbed stress � 1
� 3 evaluated at the inclusion vertex ( a; 0), voids (� = 1) and rigid

inclusions (� = 2) display the same NSIF, independently of the loading para meters b( m )
0 and c( m )

0 . A uniform
remote shear stress �eld corresponds tom = 0, which in all cases corresponds to the maximum NSIF.

rigid inclusion within an elastic material subject to remote polynomial loading are analytically
evaluated. For the consideredn-pointed isotoxal star polygon, the external semi-angle ateach
vertex is � = � (1 � � ), so assuming that the angle parameter� ranges within [0; 1=2 � 1=n],
the leading-order terms in the asymptotic expansion of the stress �elds about a vertex are
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associated to the following eigenvalues
8
>>><

>>>:

� I S
1 (� ) = � HA

1 (� ) =
�

1 � �
� 0;

� I A
1 (� ) = � HS

1 (� ) = �
1 � 2�

2(1 � � )
< 0:

(14)

Using the complex potential obtained in Part I, eqn (72), and the derivative of the conformal
mapping (56), the stress �eld in the transformed plane can beobtained from equation (30)2 as

� (m)
13 � i� (m)

23 =

(a 
( n; � ))m � 2
qX

j =0

(m + 1 � jn )L m+1 � jn

�
T (m) � m� jn � � T (m) 1

� m+2 � jn

�

(� n � 1)1� 2� (� n + 1) 2( � + 1
n ) � 1

; (15)

which can be expanded about the neighborhood of the vertex (at x1 = a and x2 = 0) by
introducing � = 1 + � � with j� � j! 0 (corresponding toz = a + z� with jz� j! 0) as

� (m)
13 � i� (m)

23 '
(a 
( n; � ))m

m + 1

h
(1 � � )b(m)

0 � i(1 + � )c(m)
0

i

n1� 2� (� � )1� 2� 21� 2� � 2
n

qX

j =0

(m+1 � jn )L m+1 � jn : (16)

A further exploitation of the �rst derivative of the conform al mapping (56) discloses the asymp-
totic relation between the physical coordinatez� = �e i# and its conformal counterpart � �

� � ' 2
n (1 � � ) � 1

n (1 � � ) n
2� � 1

2(1 � � )

�
1 � �

a 
( n; � )
�e i#

� 1
2(1 � � )

; (17)

which leads to the following asymptotic expansion in the physical plane

� (m)
13 � i� (m)

23 '
(a 
( n; � ))m

(m + 1)2
1

n (1 � � )

�
a 
( n)

n(1 � � )�

� 1� 2�
2(1 � � ) h

(1 � � )b(m)
0 � i(1 + � )c(m)

0

i

�
cos

�
1 � 2�

2(1 � � )
#

�
� i sin

�
1 � 2�

2(1 � � )
#

�� qX

j =0

(m + 1 � jn )L m+1 � jn :

(18)

From the asymptotic expansion of the stress �eld (18), the NSIFs associated to the (singular
or non-singular) leading-order term can be evaluated usingde�nition (3) as
(

K HS
III (n; m)

K I A
III (n; m)

)

=
2
p

2� (a 
( n; � ))m

(m + 1)2
1

n (1 � � )

�
a 
( n; � )
n(1 � � )

� 1� 2�
2(1 � � )

qX

j =0

(m + 1 � jn )L m+1 � jn

(
b(m)

0

c(m)
0

)

;

(19)
which, considering the value of the unperturbed stress components � 1

13 and � 1
23 [see equation

(7) of Part I] at the void/inclusion vertex ( x1 = a; x2 = 0), can be rewritten as
(

K HS
III (n; m)

K I A
III (n; m)

)

=
2
p

2� (
( n; � ))m

(m + 1)2
1

n (1 � � )

�
a 
( n; � )
n(1 � � )

� 1� 2�
2(1 � � )

qX

j =0

(m+1 � jn )L m+1 � jn

(
� 1 (m)

13 (a; 0)

� 1 (m)
23 (a; 0)

)

:

(20)
The Notch Stress Intensity Factors (20) simplify in the special cases listed below.
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� n-sided regular polygon
(

K HS
III (n; m)

K I A
III (n; m)

)

=
2
p

2� (
( n))m

m + 1

�
a 
( n)
n + 2

� 2
n +2

qX

j =0

(m+1 � jn )L m+1 � jn

(
� 1 (m)

13 (a; 0)

� 1 (m)
23 (a; 0)

)

:

(21)

� n-pointed regular star polygon with density S = 2 (with n � 4),

(
K HS

III (n; m)

K I A
III (n; m)

)

=
2

n +6
n +4

p
2� (
( n))m

m + 1

�
a 
( n)
n + 4

� 4
n +4

qX

j =0

(m+1 � jn )L m+1 � jn

(
� 1 (m)

13 (a; 0)

� 1 (m)
23 (a; 0)

)

:

(22)

Moreover, in the case thatm + 1 < n (so that q = 0) the following identity holds

qX

j =0

(m + 1 � jn )L m+1 � jn = m + 1 : (23)

This case embraces an in�nite set of solutions, one such solution is that for a 5-pointed isotoxal
star-shaped void or rigid inclusion subject to uniform, linear, quadratic and cubic remote an-
tiplane shear load (m = 0 ; 1; 2; 3). Therefore, the Notch Stress Intensity Factors (20) for the
genericn-pointed isotoxal star polygon reduces to

(
K HS

III (n; m)

K I A
III (n; m)

)

=
2
p

2� (
( n; � ))m

2
1

n (1 � � )

�
a 
( n; � )
n(1 � � )

� 1� 2�
2(1 � � )

8
<

:

� 1 (m)
13 (a; 0)

� 1 (m)
23 (a; 0)

9
=

;
; (24)

which simpli�es in the following special cases to

� n-sided regular polygon

(
K HS

III (n; m)

K I A
III (n; m)

)

= 2
p

2� (
( n))m
�

a 
( n)
n + 2

� 2
n +2

8
<

:

� 1 (m)
13 (a; 0)

� 1 (m)
23 (a; 0)

9
=

;
: (25)

� n-pointed regular star polygon with density S = 2 (with n � 4),

(
K HS

III (n; m)

K I A
III (n; m)

)

= 2
n +6
n +4

p
2� (
( n))m

�
a 
( n)
n + 4

� 4
n +4

8
<

:

� 1 (m)
13 (a; 0)

� 1 (m)
23 (a; 0)

9
=

;
: (26)

3 Stress �elds, annihilation and invisibility

Results obtained in terms of the full-�eld solution (Part I o f this study) allows for the complete
determination of the stress �eld near an isotoxal star-shaped polygonal void or rigid inclusion,
including the limits of star-shaped cracks and sti�eners. The purpose of this section is to present
the determination of stress �elds and give full evidence forthe important cases when invisibility
or stress annihilation occurs, two situations in which the solution does not display a singular
behaviour, so that the material is in an optimal situation wi th respect to failure.
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The stress �elds that are presented in Figs. 3 { 9 refer for simplicity to cracks and voids,
but it is known from Section 3.3 of Part I that a stress analogy holds for a void and a rigid
inclusion of identical shape, so that the presented resultsare also valid for rigid inclusions and
sti�eners, with the proper interchange between constantsb(m)

0 and c(m)
0 as indicated in Section

3.3 of Part I.
Level sets of the modulus of the shear stress are reported in Fig. 3 for three and four

pointed (n=3, 4) star-shaped cracks with uniform (m=0), linear ( m=1), and quadratic ( m=2)
remote stress �eld. Note that `normally' the crack strongly perturbs the stress �eld and induces
a square-root singularity at each point of the star. In special cases (f m; ng = f 2; 3g and
f m; ng = f 1; 4g marked in the �gure), however, the solution remains completely unperturbed
(so that the level sets of the modulus of shear stress displays a concentric circular structure). In
these cases the star-shaped crack (or sti�ener, with the duechanges in the loading coe�cients,
see Section 3.3 of Part I) remains `completely neutral' or `invisible'.

The single crack or sti�ener is the only example of inclusionwhich can remain invisible at
every loading orderm. This invisibility occurs for c(m)

0 = 0 and is shown (for m = 0 ; 1; 2) in the
middle part of Fig. 4, while in the upper part the `usual' cases of stress singularity are reported,
for b(m)

0 = 0. The situation of a single crack (or sti�ener) is also detailed in the lower part of
Fig. 4, where the modulus of the shear stress is reported ahead of the crack (or sti�ener) tip
and the di�erence between singularity and invisibility can be further appreciated.

Results for isotoxal star-shaped polygonal voids are reported in Fig. 5 in terms of level sets
of the modulus of the shear stress for regular polygonal (n=3, 4 and S = 1) and regular star-
shaped (n=5, 6 and S = 2) polygonal voids at uniform ( m=0), linear ( m=1), and quadratic
(m=2) remote stress �eld.

Fig. 6 shows the modulus of the shear stress ahead of the star-shaped polygonal void (n=5,
6 and S = 2) and star-shaped crack (n=5, 6), at di�erent values of m (=2,4,5,9), and the
di�erence between singularity, annihilation and invisibi lity can be observed.

Two cases of stress singularity and stress annihilation along the perimeter of a pentagonal
void and a pentagram-shaped void are reported in Fig. 7.

An isotoxal star-shaped polygonal void tends to a star-shaped crack when the semi-angle at
the inclusion vertex (�� ) decreases and tends to zero. It is therefore expected that the stress
�eld generated near an isotoxal star-shaped void tends to that corresponding to a star-shaped
crack. This tendency is con�rmed by the results shown in Fig. 8, where the modulus of the
shear stress ahead of a void vertex for di�erent values of� is presented. Note that in the right
part of Fig. 8 the conditions have been selected (n = 4, m = 1) for which the star-shaped crack
becomes invisible and the polygonal void exhibits the stress annihilation.

The same situation of a polygonal and star-shaped void for which the stress annihilation
is veri�ed and the parameter � is decreased is also reported in Fig. 9, where the level sets
of the shear stress modulus� (m) (x1; x2)=� 1 (m) (a; 0) for n = 3 ; 6 and m = 2 are plotted. It
may be concluded from this �gure that, for decreasing valuesof the semi-angle at the inclusion
vertex (�� ), a transition can be observed from stress annihilation to asort of `quasi-invisibility',
obtained in the proximity of the limit of star-shaped crack, where the stress �eld is only slightly
perturbed.

An interesting situation can be envisaged in the limit when the number of points of a star-
shaped crack grow and tend to in�nity. This is explored in Fig. 10, where the modulus of shear
stress ahead of the crack tip located on thex1-axis is reported. The stress �eld tends with
increasingn to the stress distribution corresponding to a circular void with radius equal to the
crack length.
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invisibility occurs only for certain combinations of n and m (while for the single crack invisibility is independent
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3.1 The rules of invisibility and annihilation

In the previous �gures several cases of star-shaped crack (or sti�ener) invisibility and stress an-
nihilation at the points of an isotoxal star-shaped void (or rigid inclusion) have been presented.
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In addition, shear stress modulus (� ( m ) (x1 ; 0)=� 1 ( m ) (a; 0), lower part) ahead of the crack tip is also detailed
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It is therefore now convenient to establish the rules governing these two important situations.
The formulae of SIFs and NSIFs (9) and (19), respectively, highlight that the loading co-

e�cients b(m)
0 and c(m)

0 control the stress singularity, which can be deactivated atthe vertex
aligned on the x1 axis in the following two cases
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vertex of the pentagram are sharper than that of the curviline ar coordinates along the inclusion perimeter the
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� for a crack or a void � = 1 when c(m)
0 = 0,

� for a sti�ener or a rigid inclusion � = � 1 when b(m)
0 = 0.

The stress singularity can simultaneously be deactivated at all vertices of the void or rigid
inclusion, when the above conditions are veri�ed together with the following constraints between
the loading order m and number of the star points n

m =

8
>><

>>:

n j � 1 if n is odd;

n
2

j � 1 if n is even;

(27)
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where j 2 N1. Note that eqn (27) is equivalent to 2(m + 1) =n 2 N1.
In the case of star-shaped cracks or sti�eners, conditions (27) imply that the perturbed

potential, eqn (52)2 of Part I, is pointwise null gp = 0, so that the deactivation of the singularity
corresponds to `invisibility' or `full neutrality'. In the case of isotoxal star-shaped voids or rigid
inclusions, setting 
 = 2 �=n in eqns (10) of Part I, conditions (27) imply that the loading
coe�cients satisfy the conditions b̂(m)

0 = b(m)
0 and ĉ(m)

0 = c(m)
0 , so that the deactivation of the

singularity corresponds to `stress annihilation'. Note that the stress annihilation follows not
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only from the lack of stress singularity, but also from the fact that the leading-order term in the
stress asymptotic expansion is a positive power of the radial distance from the vertex (Section
2.2 of Part I).

3.2 Partial-invisibility and Partial-annihilation

Partial invisibility or partial stress annihilation occur s respectively when some of the crack/sti�ener
tips are invisible or when some of the points of the star-shaped void/inclusion are stress-free.
In these situations, which are more frequent than the cases of full annihilation and invisibility,
the material fails at one of the points where the stress remains singular.

Cases of partial invisibility are reported in Fig. 3. In part icular, the horizontal crack is
invisible for n = 3, m = 1, and c(m)

0 = 0 and for n = 4, m = 0 ; 2, and c(m)
0 = 0; the vertical

crack is invisible for n = 4, m = 0 ; 2, and b(m)
0 = 0. All examples reported in Fig. 5 present at

least partial stress annihilation, which occurs at all vertices located along the horizontalx1-axis.

3.3 Beyond the hypotheses of in�nite matrix and regular shap e inclusion

Inclusion invisibility and stress annihilation have been demonstrated under the assumptions
that the inclusions have a regular shape and that the matrix is in�nite . It is suggested in this
Section that these two hypotheses can be relaxed, so that thetwo concepts of invisibility and
stress annihilation are more general than it has been demonstrated analytically.

A �nite portion of an elastic body is considered ideally `cut' from the in�nite elastic space
subjected to the m-th order polynomial �eld considered in Part I of this study [ equations (11)
and (12)]. Therefore, the boundary of the cut body is assumedsubject to the traction conditions
transmitted by the rest of the elastic space. In this way, polynomial displacement and stress
�elds are realized within the body in the absence of any inclusion. When invisibility is achieved
for the in�nite body (as related to the presence of zero-traction or zero-displacements lines,
inclined at b� j = j�= (m + 1), j 2 [0; :::; 2m + 1]), it will also hold for the body `cut' from the
in�nite body. This is shown in Fig. 11 (lower part), where inv isibility is achieved for a �nite
elastic body and irregular star-shaped crack.

If now the cut body has an external boundary with the shape of aregular polygonal shape,
symmetric with respect to all the inclinations b� j , the introduction of a n-sided regular polygonal
void (or a rigid inclusion) satisfying eqn (27), realizes a stress �eld which annihilates at the
inclusion vertices, as Fig. 11 (upper and central parts) shows for polygonal voids.

The results presented in Fig. 11, in terms of modulus of shearstress level sets near polygonal
voids, have been obtained numerically (using the �nite element software Comsol Multiphysicsc


version 4.2a, by exploiting the analogy between the antiplane problem and the 2-dimensional
heat transfer equation under stationary conditions), by imposing traction boundary conditions
at the external contour of the body. To avoid the presence of arigid-body motion, the open
boundary condition available in the software has been selected.

In the simulations, the domains have been discretized at twolevels by the free triangular
user-controlled custom mesh. At the �rst level, the entire domains are meshed with maximum
and minimum element sizes equal to 10� 2R and 10� 5R, respectively, whereR denotes the
unit radius of the circle inscribing the domain. At the second level, the inclusion boundaries
have been meshed with maximum and minimum element sizes equal to 10� 3R and 10� 5R,
respectively.
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4 Conclusions

The closed-form expression for the SIFs and the NSIFs have been obtained for isotoxal star-
shaped polygonal voids or rigid inclusions (including the limits of star-shaped cracks or sti�-
eners) loaded in an in�nite elastic plane through a nonuniform antiplane shear loading. Two
special cases have been identi�ed in which (i.) the stress isannihilated at all of the vertices
of a star-shaped void or rigid inclusion, and (ii.) a star-shaped crack or sti�ener becomes
quasi-statically invisible, leaving the ambient �eld completely unperturbed. These situations
are of particular interest because in these cases the failure of the material does not occur at
the vertices of the inclusions. Therefore, the results presented in this paper describe optimal
loading conditions that can be used in the design of novel composite materials.
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