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Fig. 4. Flutter modes; 3 = 3

have been described. Very similar qualitative results are obtained
for a continuous system of a uniform elastic cantilever subjected to
a follower load at its tip and having a pinned support with a
rotational spring [8].
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1. Introduction

The idea of non-associative flow-rules in clastoplasticity dates back
to the works of MRrOz [1] and MaNDEL [2]. In the modern technical
literature, non-associativity is considered as the key feature for
modelling the behavior of porous metals [3], of mctals showing the
Strength-Differential effect [4], of concrete and geomaterials [S, 6].
Moreover, deviations from normality can model non-Schmid effects
in crystals [7] and result to promote various kinds of material
instability such as localization of deformation [8], surface instability
[9] and plastic cavitation [10].

Due to its importance in the modelling of many materials of
engineering importance, the elastoplastic operator with non-asso-
ciative flow-rule has been extensively investigated. In particular,
MAaER and HUECkEL [11] found the necessary and sufficient

condition for positive definiteness of the elastoplastic operator, RIcE
[8] for ellipticity and Bigon1 and Zaccaria [12] for strong ellipticity.
Moreover, in the particular case when the tensors giving the plastic
flow-mode and the yicld surface gradient are co-axial, the conditions
of loss of strong ellipticity [12] and loss of cllipticity [13, 14] can
be given in an explicit form. Even though the elastoplastic operator
has been studied in many details, few information seem to be known
about its eigenvalues. The only contribution has been given by
PREVOST in an unpublished note [15], where the eigenvalues arc
shortly derived, together with a condition for excluding complex
cigenvalues.

A formal solution to the eigenvalue problem of the clastoplastic
operator, different (rom that reported in [15], is presented in this
paper. It is shown that more than two complex conjugate eigen-
values are not possible. The necessary and sufficient condition for
complex eigenvalues derived in [15] is obtained and then re-written
cxcluding the case of complex eigenvalues occurring for negative
values of the plastic modulus. In this case it is shown that complex
eigenvalues are excluded for deviatoric normality. Moreover, in the
case of isotropic hardening. assuming the existence of a smooth
plastic potential surface. it is shown that complex cigenvalues are
not admitted, even in the case of deviatoric non-associativity.
Finally, an application is presented for the model proposed in [4].
This model is suitable for the description of the behavior of metals
showing the Strength-Differential effect.

2. Constitutive assumptions

Reference is made to an initially isotropic, time independent,
elastoplastic solid having two tensorial zones. The behavior of this
solid is governed by a constitutive operator which relates a generic

A
objective rate of any symmetric stress measure 7 to the velocity of
deformation D, in the following form (details on the notation used
in this paper can be found in [16]):

A
T=ED], il N-D<O0, I

A
T=HD], if N-D=0, v

where [E: Sym — Sym is the elastic fourth-order tensor, N gives the
direction of the yield surface gradient in the deformation space and
the fourth-order tensor IH: Sym — Sym defines the comparison solid
corresponding to the loading branch of the constitutive operator:

1
H=E-_—-M®N, (3)
7
in which the symbol ® denotes the dyadic product, M gives the
direction of the plastic flow in the deformation space and the plastic
modulus 4 is related to the hardening modulus # through:

g=4+ M E'[N]. )

It should be noted that no restrictions are placed on the choicc of
the type of hardening, as well as on the choice of N and M, which
can be not coaxial.

The elastic tensor IE will be assumed to be an isotropic mapping
Sym — Sym. Consequently:

E=®I+2ul, (s)

where 7 and I denote the second and fourth-order identity tensors
respectively and / and u are the Lamé moduli. It is well-known [17]
that (5) merely respresent an assumption in finite-elasticity theory.
Nevertheless, hypothesis (5) has been widely employed in bifurca-
tion analyses of elastic and elastoplastic solids [4, 6, 8, 18, 19].

The cigenvalue problem for the elastic tensor E has the following
solution (sec, c.g. [20], § 22):

Eigenvalue Multiplicity Eigenspaces
2u + 32 1 {al, V2 e R}
2u 5 {VeSym:tr V = 0}

All the eigenvalues of the elastic tensor are also eigenvalues of the
elastoplastic operator. In fact, by changing (if necessary) the sign
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of the corresponding eigentensor, it is always possible to satisfy the
unloading condition V- D £ 0. For the same reason, all eigenvalues
of the tensor H are also eigenvalues of the elastoplastic operator.
Then, all eigenvalues of the elastoplastic operator are the union of
the eigenvalues of IE and IH. The eigenvalues and corrcsponding
cigentensors of H will be obtained in the following.

3. Eigenvalue problem for H
The eigenvalue problem for the operator H is posed as follows:
(H-—y)V =0, nelR, Ve Sym — {0}. (6)
Eqn. (6), by using (3) and (5), becomes

A(trV)1+2uV-i(V-N)M—nV=0. %)
7

The following (non-orthogonal) basis of Sym is introduced:

E  (i=12..6), ®)
such that:

E =1, ©
E, =N, (10
trE; =0, E-E =1, (i=3,..,0), (11)
E -E =0, i+j, ,j=2,...,6). (12)

The problem (7) can be solved through a projection onto the basis
(8), thus obtaining:

1
BGit+2u—npuV+—F - NrM=0
#

1
/l(trN)trV+(2#——M~N—r7>V-N:0. (13)
¢

Qu-m V- E— (M E)V-N=0 (i=3..6
b

The system (13) is the representation of (7) in the dual basis of (8)

which is defined as:
E-E =6, (14)

where &/ is Kronecker symbol.
The characteristic equation is obtained from (13) in the form:

1
(n - n)‘[m + 2H—ﬂ)<2#—*M‘N*W>
7

+ {tr M) (tr N)} =0. (15)
F4

Once the solutions to (15) are known, system (13) gives the
components of the eigentensors in the dual basis defined by (14).
Thus:

,_ NN = (NN

3N-N — (tr Ny
3W-N—(r V) (r N) o
_mN + .;3 (V-E)E;. (16)

From (15) it is seen that 2u is an eigenvalue with algebraic
multiplicity four. System (13) and equation (16) show that 2u is
associated to the eigenspace spanned by E; (i = 3, ..., 6), which is
the space of the deviatoric tensors orthogonal to N. Moreover, from
(15) the other two eigenvalues result to be the solutions of the
equation:

1
r]2—<3).+4;1——M~N>r’
t4

+ (4 + 2ﬂ)<2u—iM-N) +remen=0. (7
# #

If N = af (zxeIR) tensors (8) do not represcnt a basis of Sym. In
this case, however, the eigenvalues of IH can be obtained by direct
inspection as:

Eigenvalucs Multiplicity Eigenspaces
2u 5 {VeSym:tr ¥V =0}
42— uM 1 {pV:V:M-iM}
7 4

VheR

Alternatively, the above eigenvalues can be directly obtained from
(15), which continues to hold, for continuity, in the case N = al.

4. Complex eigenvalues of H

Being non-symmetric, tensor H may possess two complex conjugat-

ed eigenvalues. Such eigenvalues correspond to negative values of

the discriminant of (17), which is

1 2 A

A:<3A+ﬁM~N> —4—(tr M){tr N). (18)
b4 7

From (18) it is seen that A < 0 if and only if:

95242 — 22t N) (tr M) — 3M -N] g + (M-N)* < 0. (19)

Therefore A is negative for values of 4 internal to the interval defined
by ¢, and g,:

1
g'} = ;[]/(trN) (rM) + [/ Ny (tr M) — 3M NP>, (20)
#2 ~

Tt is concluded that a necessary and sufficicnt condition for the
existence of complex eigenvalues is

(tr N) (tr M) [{tr V) (tr M) — 3M - N] > 0. (21)

It is important to note, however, that if (tr N)(tr M) < 0 and
(tr N) (tr M) — 3M - N < 0, complex eigenvalues are possible for
negative values of 4z, and g,. Thus, if (as usually accepted) ¢ is
restricted to strictly positive values, the necessary and sufficient
condition (21) becomes:

N trM>0&(trN)(trM)—3M-N>0. (22)

Now, by introducing the yield surface gradient Q and the plastic
flow-mode P in the stress space:

N=EQ] = Atr QI+ 2uQ, (23)
M = E[P) = itr P)I + 2uP, (24)
solutions (20) become:
?1} 1 B
= —[Bi+20))r Q) (trP)
72 94
+2u)/ =3 dev (Q)- dev (P, (25)

where e (+) denotes the deviatoric part of a tensor. Moreover,
conditions (22) become:

trQ)(trP)>0& dev (Q)- dev (P) < 0. (26)

Thus, in the case of deviatoric associativity, where Zev (Q) =
ev (P), complex eigenvalues arc not possible.

However, even in the case of deviatoric non-associativity, it will
be shown in the following that complex eigenvalues are excluded
under the hypothesis of isotropic hardening and assuming convexity
(and smoothness) of yield and plastic potential functions. In fact,
due to the material isotropy (initial isotropy plus isotropy of
hardening), @ and P must be coaxial and, furtherly, the yield and
the plastic potential functions can be represented as convex sur-
faces in the Haigh-Westergaard stress space. In this space, @ev Q
and  ev P can be represented as vectors lying on a deviatoric plane.
In this plane, Zev @ is orthogonal to the section of the yield surface
and &« P to the section of the plastic potential surface. It is
well-known that isotropy implies symmetry of the two sections
about the orthogonal projections of the principal stress axes on the
deviatoric section. Thus, considerations can be restricted to any
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segment of the six 60° scgments marked off by the three diameters
in the deviatoric section. In this segment, the convexity and
continuity of the yield and plastic potential functions imply that
vectors Zev Q and ev P lie between the two extreme cases,
corresponding to the two unit vectors directed along two adjacent
diameters (Fig. 1). These two vectors form a 60° angle and, therefore,
it is concluded that:

Ldev Qlidev Pl £ dev Q- dev P L |dev Q) |dev P

and thus (26,) is never satisfied.

7

S. Application

The isotropic elastoplastic model proposed by Needlmann and Rice
[4], for modelling metals showing the Strength-Differential effect, is
based on the Drucker-Prager yield surface and on the Huber-
Hencky-von Mises plastic potential. Tensors P and Q are given by:

1, 1,~2)

Fig. 1. Possible range of inclination of « ¢ Q and « < P in the first 60° segment
of a deviatoric section

P dev (T) , (28)
27,
_ dev (T) + SD 29)

At Sl §

205, 2
where J, = dev (T) - dev (T)/2 is the second invariant of the
deviatoric stress and SD is defined as:

0. — 0,

Sh=2 (30)

g, + o,

In equation (30) o, and o, arc the yicld strengths in compression
and tension, respectively. In this case eqn. (18) becomes

2 2
A= (3/1 + P ]/Z) 3
4
and the solutions of (17) are
=3i+2
M A H 32)

It

2 .

fy=2u— "2,
4

The eigenvalue #, is the elastic eigenvalue associated to the
eigentensor I. It can be noted that the eigenvalues do not depend
on SD. Moreover, Q and P are the gradients of a conical and a
cylindrical surface, respectively, and the intersection with any
deviatoric plane of the yield surface or the plastic potential surface
in Haigh-Westergaard is a circle centred in the origin of axes.
Therefore, during yielding, for a fixed value of the mean normal
stress, the cigenvalues are also independent of the position of the
stress point on the yield surface.
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of 4th-Order Tensors in 2-Dimensional Space
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1. Introduction

The theory of representations for tensor functions constitutes a
rational basis for a consistent mathematical modelling of complex
mechanical behaviour of materials. However, contrary to that we
have had good knowledge of tensor function representations which
include scalars, vectors and 2nd-order tensors in 2- and 3-dimen-
sional Euclidean spaces, representations which include 4th-order
tensors are much less well understood [1—6].

This work substantiates the investigation by BETTEN et al. [1 —3]
on the entitled subject. Let 4 denote a 4th-order tensor in
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2-dimensional Euclidean space &, which fulfils the usual symmetry
conditions

Aij = Aji = Aijue = Asaij - (L.1)

Here, A;j,; denotes the components of A in a rectangular cartesian
coordinate system X;, i = 1, 2. An isotropic function or invariant of
A is a function f(4,,) of the components A, for which f(4,)
= f(A;;,) with respect to the compoments A, of 4 in any
rectangular cartesian coordinate system X, A sct of isotropic
invariants I, ..., I, of 4 is said to be an isotropic integrity basis or
Junction basis of A, if cvery isotropic polynomial or function of 4
can be expressed as a polynomial or a single-valued function in
numbers of this set; it is said to be irreducible, if none among
I,...,1, can be expressed as a single-valued function of the
remainders. In literature an irreducible isotropic function basis is
also named a complete and irreducible representation for isotropic
functions. Up to now we have no precise knowledge of complete
and irreducible representation for isotropic functions of A4, although
in [1— 3] this problem has been discussed.

The set of all symmetric 2nd-order tensors in &, together with
the usual definition of the inner product s:¢ = s;jt;; constitutes a
3-dimensional Euclidean spacc, say & . Thus, 4 is a symmetric
linear transformation on .%yu; and in this sense we may employ
the following notation:

I=A%=1440), A=), A= Ay - } (1.2)
A3 (= AijmnAmnesArsit) 3

I, =trd = Ay, I = tr A% = Ay A i » } (1.3)
I = 0 A" = AfjpuAmursArsijs

Io= LAl = Ay Ty = 1Al = AgpAss (1.4)

where 1{= d;;) with 0;; the Kronecker delta symbol denotes
the 2nd-order identity tensor in &, and I{= A;3,) with A,
= (0ud; + 040;)/2 denotes the identity linear transformation on
r(/)lyW}fA

[t is well known that a 4th-order tensor II(= 11;,) with thc indcx
symmetry (1.1) is isotropic, if and only if there are constants A and
usuch that IT;,, = 46,6, + 1(d40, + 9,8 ,). In the theory of linear
elasticity, 4 is known as the general elasticity tensor and I, with
Lamé elasticity constants 2 and g, as the isotropic elasticity tensor.
By the use of 7, BETTEN [{] has introduced the so-called extended
eigenvalue problem of A; that is As = Hs, or in its matrix form,

Al\ll A1I22 V/QAIIIZ Sll
A2z A2z I/EAZZIZ S22
i~ /5
I/EAIIIZ 1/2/42212 24151 1/2512
24+ 2u A 0 Siy
= A A+2n 0 S22 (1.5}
0 0 2u| )25,
From (1.5), the following extended characteristic polynomial:
P, ) =det (4 — M) = 8u® — 4J,u? — 2J,u — J;4
— 2K A — 2K, i + 8uh, (1.6)

isarisen, in which J,J,,J3, K, and K; (see[2, 3])arc invariants of 4:
Jy=I1,=trd, Jy = (I, — ID2 = [tir A% — (ir A)))2,
Jy= (21 — 311, + 1})/6 = det A4,

Kl = (A1112 - AZZIZ)Z - A1212(A1111 + A2222 - 2A1122)7

Ky =A11 + A2app + 441512 — 241122 - (1.7)

BETTEN [1, 2] and BeTTEN and HEeLiscH [3] have alrcady discussed
the irreducibility and the completeness of the system (1.7). For
instance, with the aid of computer algebra, BETTEN and HELISCH
[3] find that all the invariants of A with degrec 4 (eg.
AjjmnAmarsArsuoduni) €an be expressed as polynomials of the
invariants given in (1.7). Thus, they suggested in [3] without proving
that the invariants of 4 with the highest degree 3 would constitute

an intcgrity basis of 4.

In this short note we prove that the invariants J,, J,, J3, K,
and K, of 4 constitute indeed an irreducible isotropic function basis
(not only integrity basis) of A4.

2. The isotropic function basis

An isotropic function basis of 4 may be constructed in such a way,
as employed in [7—9], that we choose a rectangular cartesian
coordinate system X; in which we are able to determine all of the
components A;;, of A4 by the use of the numbers of the basis.

As a symmetric lincar transformation on the 3-dimensional
Euclidean space 4. A can be expressed in its spectral form:

A=Ae ®e + Ae; @ ey + Aye; ® ey, (2.1
Here, A, A5, A3 with A, 2 A, = A;are the cigenvalues of 4 which
arc uniquely determined by the I, I,, /5 in terms of the relations
Iy = Ay + A, + Ay,
I3= A} + A3+ A3 ;

I =A% + 4% + A3,
2.2)

and e, e,, 5 are the characteristic vectors (in % yu) of A which
arc unit and orthogonal:

e,ey = Oyp s o ff=1273. (2.3)
Consider the following possibilities for 4|, 4,, and A;.
Casei: A, > A, > A; We can write

e, ®e; = (Ay — AY [ApMa] — (Ay + An) A + A7VA,

e, ®e; = (Ay — A3) [AsA T — (Ay + A A + 474, (24)

3 ® ey = (A, — A [AAd — (A + A)A + A*)jA

in which 4 = (4, — A3} {4; — A,) {4, — A,). Let X, be a given
rectangular cartesian coordinate system. From (2.4), we may further
uniquely determine ey, e,, €5 by rcquiring that

. > 0 (if e, + 0), e > 0 (ifé,; =0and é,qy +0),

or &,y > 0{ilé,, = &,5,=0),

(2.5)

in which éa,»j, % = 1,2, 3, arc the components of e, in X, Thus, we
may choose a rectangular cartesian coordinate system X; and
determine the components ¢,; of e, « = 1,2, 3, instead of the
components A, of A in order to determine the isotropic function
basis of 4. However, it is well known [10, 9] that the invariants

nh=123 with 228, (2.6)

constitute a function basis of e, e,, and e;; in addition, the
iy (= e,y = .y, see (2.3) are constants. Thus, only the e,;
should be dealt with and from (2.4) and (2.5) the e,;; can uniquely
be determined by

Ay, Ay, Ay, i, A

iijj Adimnmnjj - Q.7

Caseli: A, = A; > A, Instcad of (2.1) and (2.4) we have
A=AT+(A;—A)e;Rezande; ® ey = (A4 — A D/(A; — Ay);
and wc may determine e; by means of (2.5). Similar to (2.6) and
(2.7) we know that A4,, 43, A;;;; determinc uniqucly the e5;. Ana-
logously we can discuss the case: A; > 4, = 4;.

Caseiii: Ay = A, = A;. In thiscase 4 = AL

The analysis given above in cases i, ii, and {ii thus yields that the
set of the five invariants I, ..., /5 of A, as defined in (1.3) and (1.4),
constitutes an isotropic function basis of 4. Furthermore, from
(1.7) and the relations (cf. (3.2))

Ky =1, —Is — I, — L),

Cuiiv €aifCyijn

i

Ka=21, — I, (2.8)

we see that J,, J,, J,, K|, and K, arc cquivalent to I, ...,I5 so
that they constitute also a complete representation for isotropic
functions of A.

3. Theirreducibility of the isotropic function basis

We prove the irreducibility of 14, ..., I5 according to the method
employed by PenNist and TRovATO [11]. For convenicnce we give
firstly the expressions of [, ..., I5 in terms of the components of A:



