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Abstract

A homogeneous elastic solid, bounded by a flat surface in its unstressed configuration, undergoes a finite
strain when in frictionless contact against a rigid and rectilinear constraint, ending with a rounded or sharp
corner, in a two-dimensional formulation. With a strong analogy to fracture mechanics, it is shown that (i.) a
path-independent J-integral can be defined for frictionless contact problems, (ii.) which is equal to the energy
release rate G associated with an infinitesimal growth in the size of the frictionless constraint, and thus gives the
value of the configurational force component along the sliding direction. Furthermore, it is found that (iii.) such
a configurational sliding force is the Newtonian force component exerted by the elastic solid on the constraint
at the frictionless contact. Assuming the kinematics of an Euler-Bernoulli rod for an elastic body of rectangular
shape, the results (i.)—(iii.) lead to a new interpretation from a nonlinear solid mechanics perspective of the
configurational forces recently disclosed for one-dimensional structures of variable length. Finally, approximate
but closed-form solutions (validated with finite element simulations) are exploited to provide further insight into
the effect of configurational forces. In particular, two applications are presented which show that a transverse
compression can lead to Eulerian buckling or to longitudinal dynamic motion, both realizing novel examples of
soft actuation mechanisms. As an application to biology, our results may provide a mechanical explanation for
the observed phenomenon of negative durotaxis, where cells migrate from stiffer to softer environments.

1 Introduction

Initiated by Eshelby |16} 17, 18], configurational mechanics provides a groundbreaking insight into problems
where a defect can change its position or increase in size and release energy, which is associated to a force, called
‘configurational’; acting on the defect and causing its movement. In the specific case of a rectilinear crack in a
linear elastic material, the energy release rate GG associated with a crack advancement was found by Cherepanov
[12] and Rice [39, 40] to be given by a path-independent integral, the so-called J—integral. The latter author
involved the energy-momentum tensor P introduced by Eshelby [18], so that a crack driving force can be related
to fracture growth.

Historically, configurational forces were assumed to be different in nature from Newtonian forces, which enter
the equations of motion of a solid |22} 26]. However, a number of elastic structures with variable length has been
recently investigated to show that a special class of configurational forces are Newtonian forces and, as such, can
even be determined experimentally. These structures include a rod with one end sliding inside a frictionless sleeve
(in both quasi-static [5, 29] and dynamic [1, |28, |44] settings), a rod subjected to torsion [6] and a rod moving inside
a frictionless, rigid and curved channel [15]. Remarkably, a common feature of these structures is the possibility
of a free movement in a certain direction, to which the configurational force becomes energetically conjugate.

Inspired by these results in structural mechanics, Ballarini and Royer-Carfagni proposed an interpretation of
configurational forces as resultants of Newtonian contact forces acting on defects, through the solution of simplified
models, representative of a solid containing an edge dislocation or a crack [2].
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Along the same research line, the frictionless contact is addressed in the present article of a homogeneous
elastic solid, bounded with a planar surface and undergoing large deformations against a at and rigid indenter,
ending with a rounded or sharp corner. In this situation, it is shown that a path-independent J{integral can be
de ned (so far restricted to small strain states [31, 32, 46]) and corresponds to the energy release ra®, also
known as con gurational force, associated with the constraint growth. In turn, the con gurational force is shown
to coincide with the negative of the reaction forceR1 (parallel to the undeformed at boundary of the solid) which
the corner of the constraint transmits to the elastic solid, in summary,

G=J= Ry (1)

Two paradigmatic examples of generation of a horizontal con gurational force are systematically referred through-
out the article, Fig. 1 (the rollers visualize bilateral smooth contact, while the brown element symbolizes unilateral
contact), where an elastic solid of undeformed rectangular shape of heighity is subjected to a nominal transverse
stretch » < 1 on one of its end portions.

It is shown that in both cases the horizontal reaction forceR; at the corner is provided with an excellent

approximation by

'h
Ry —; )
1

where is the strain energy density and  the stretch, both evaluated at the left edge @'0 of the elastic
rectangular domain, where these are assumed constant. The simple approximate expression (2) is obtained within
a large deformation framework for hyperelastic materials and is shown to remain valid for both rounded and sharp
corners, as well as for both types of boundary conditions (unilateral or bilateral frictionless contact) applied at
the lower side of the rectangular domain.

Figure 1: An elastic solid of rectangular shape (green) of initial heighthg is deformed through a transverse
compression (of nominal stretch , < 1) against a at, rigid, and frictionless punch (brown) ending with a sharp
corner. Rollers denote bilateral, while brown elements unilateral, frictionless contact. The transverse compression
generates a horizontal reaction forceR1, shown in this article to be coincident with the negative of the J{integral,
which in turn de nes a con gurational force, eqn (1), which can be evaluated with an excellent approximation
through egn (2).

With the purpose of connecting the present solid mechanics framework with the recent results obtained in
con gurational structural mechanics [5, 6, 15, 29, 36], an elastic solid is analyzed, on which the kinematics of an
Euler-Bernoulli rod is enforced.

In this way, a novel derivation from a nonlinear solid mechanics perspective is obtained for the outward
tangential reaction, generated at the end of a sliding sleeve constraining an elastic rod, previously disclosed only
through one-dimensional models.

The relevance of our results to the design of new soft actuation mechanisms is demonstrated by two applications,
whose approximate solution is obtained analytically and validated by nite element simulations. In particular,
it is shown that the con gurational forces induced by a transverse compression may lead in one case to Eulerian
buckling and in the other to the longitudinal motion of an elastic layer. The latter result may introduce a
mechanical explanation to the so-callednegative durotaxis a biological process in which cells migrate from a



Published in Journal of the Mechanics and Physics of Solidd88: 105673
doi: https://doi.org/10.1016/j.jmps.2024.105673

sti er to a softer environment [24, 4], an unexpected response opposite to the more common durotaxis phenomena
[30].

2 Prologue: non-accidental coincidences in contact mechanics at small strain

Linear elastic solutions available in the literature for contact problems [3, 13, 14, 25, 32] are used to show that a
horizontal reaction force Ry is generated at each (smooth, but even sharp) corner of a frictionless, rigid and at

punch, pressed with a vertical loadP against the horizontal surface of an elastic solid. The horizontal reaction

R1 is nonlinear in P and its presence is particularly surprising because it can be evaluated within the context of
in nitesimal elasticity and even when the corner is sharp.

More speci cally, with reference to the indentation of an elastic half space, it is shown that the horizontal
reaction forceR1 acting at each corner of the punch is quadratic in the external vertical loadP and coincides with
the negative of the path-independentJ {integral evaluation at the corresponding corner, which in turn is equal to
the energy release rateG associated with an in nitesimal growth of an edge of the punch, namely,

(1 P2 _

R =
1 2 aE

J= G; 3)

where a is the punch half-width, while E and are the Young's modulus and the Poisson's ratio of the indented
half-space, respectively. The coincidence of the horizontal reactiofR; with the negative of the J{integral nds

an explanation in the use of the energy-momentum tensor for frictionless contact problem, as shown in Sect. 3.
Moreover, the interpretation of J as the energy release rat& in a con gurational mechanics framework is shown
in Sect. 4.

2.1 J{integral and energy release rate G for the indentation of a linear elastic material with a
frictionless, rigid, at punch with sharp corners

The two-dimensional (plane strain) problem is considered in thex1{ x» plane for a frictionless, rigid, and at punch
indenting a linear elastic isotropic solid on its surface, straight in the undeformed con guration and de ned by
X2 =0.

Restricting the attention to the right corner of the indenter (located at coordinate x1 = a; X, = 0), the leading-
order term in the asymptotic expansion at this point for the components of the Cauchy stress tensoil in polar
coordinates[> 0; 2 (0; ),sothat x; = a cos;x 2= sin , Fig. 2, left] is given by [3, 20, 45]

8 9
8 9 _ in2 _
> T (5 )3 . % 0052 1+sin 5 %
_ Ki .
?I(E )?_9272 cos?é E 4)
G - sin = cog — ;
2 2

where K, is the Stress Intensity Factor (SIF) representing the magnitude of the singular elds “condensing' the
boundary conditions as p___
K|=Ii[no 2T (; =0): (5)

It is noted that the square root singular stress asymptotics (4) present at the sharp corner of a frictionless rigid
punch coincides with the analogue holding for a crack tip under Mode | loading conditions, when a proper linear
transformation of the angular coordinate is applied.

Moreover, the free surface ahead of the punch tip (= ) displays the following rst-order term for the normal
displacementu [3] r
41 K,

E 2"

u(; = )= (6)
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Figure 2: The planar contact of a at punch with (left) sharp and (center) rounded corners. In both cases the contact with a linear
elastic isotropic half space is frictionless and provided by a vertical force P. The vertical component p, of the pressure along the contact
surface (marked by the horizontal coordinate xi) is reported below the sketches. Right: Horizontal component R; of the contact force
reaction present at each rounded corner (made dimensionless through division by (1 ~ 2)P?=(2 aE ) and obtained from Ciavarella et
al. [13]), as a function of the parameter b=a 1, describing the ratio between the width of the contact region, 2 b, and the width of its
at portion, 2 a.

whereE > 0 and 2 ( 1;1=2] are the Young's modulus and Poisson's ratio, respectively.
Introducing the elastic strain energy density and the displacement eld u;, the path-independent J {integral
used in fracture mechanics at small strains is de ned as [39]
z @u
J = Ny Tjnj=—
, 1 ij @x
where ¢ is a continuous counter-clockwise path with outward unit normal n;. In the context of linear elasticity,
the path-independence of thel {integral, egn (7), has been extended to at punch problems by assuming the path
o starting from beneath the indenter and ending at the free surface [32, 46].
Reducing ¢ to a semi-circular path of in nitesimal radius r and centered at the right corner, the J{integral
can be rewritten in terms of polar components as
Z
, sin. @ur; ) @ur; )
J =1lim r, ycos T (n; ————~% Cc0S ——=
o g (r) () r @ @r
Considering the asymptotic expressions (4) and the linear constitutive relations, theJ{integral (8) for the at
rigid indentation problem results

d o; ] =12 (7)

rd; i= ;. (8)

_ 1z :

J= oE K{<0; 9)
which diers by a factor 2 from the J{integral found for Mode | fracture. Similarly to rigid line inclusion
problems [7, 21], theJ{integral associated to the at punch with sharp corners is always non-positive.

Following Rice [40], the energy release raté&, associated with a growth of the punch corner and de ned
as the negative of the derivative of the potential energyV with respect to the con gurational parameter , can be

evaluated as 7

_oadv() _ . 1 : . \dp
G= q - Im!moz— . T ( r; O)u (r; )dr, (10)
which, considering the asymptotic expansions (4) and (6), equals thd{integral
G=J<0: (11)

Equation (11) shows that a growth in the punch size leads to an increase of the total potential energy of the
system, implying that the process is not favorable, as in the sti ener problem, but opposite to crack growth where
the energy release is always positive for an advance of the tip.

4
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It is noted that, although the path-independent J{integral, egn (7), was already known in at punch problems
of linear elasticity it has never been related to the energy release rat& associated with a at punch growth.
Indeed, the J{integral has been so far used only in the investigation of failure mechanisms connected with crack
initiation [32] or dislocation nucleation [31] at the sharp corners of at punches. Moreover, in [46] theJ {integral
was found to be null for a rigid-body sliding of the whole punch, a result which is correct, but trivial because the
two opposite forcesR; cancel each other (Fig. 2).

Indenting an elastic half space. The above results can be used to analyze a linear elastic isotropic half space
(x12 (1 ;1), x2> 0)indented by a (frictionless, rigid, and at) punch, with horizontal base of width 2 a (and
centered atx; = X2 = 0). When the punch is subjected to a given compressive normal forc® (Fig. 2, left), the
pressure distribution p(x1) (positive when compressive) at the contact has only a vertical componentg;(x1) = 0,
p2(x1) > 0) given by [25]

P
p(x1) = p2(X1) = P (12)
1
which approaches an in nite value at the two sharp corners &1 = a) and leads to the following stressT;;
(i;j =1;2) distribution [41]
8 9
8 9 (X1 S
2 1 2
T . - 13
E 22(X1;X2) E = (1 52+ x3 2 (13)
Za X1 S
- Tia(Xax2) 2 x5 p !

a aZz s? (x1 s)2+x§2

Considering the full- eld representation (13) for the stress T, the Stress Intensity Factor (SIF) K, (5) for a
at punch of width 2 a subject to a vertical load P indenting an elastic half space results to be [20, 45]

P
Ki= p=; (14)
and the J{integral (9) reduces to
1 2
J= P2< 0 (15)

2aE

Exploiting the path-independence of the J{integral and the null value of its integrand at the, punch contact and

at the free surface (namely,x; = 0 and excluding the corner point) and at in nite (namely, le + x22 11 ), the
J{integral (15) can be evaluated as

Z,

)= ( x1;%2) Tll(Xl;Xz)w

dxo: 16
. @x omo 2 (16)

Within the context of con gurational mechanics for an hyperelastic solid undergoing large deformations, the
J{integral, eqn (7), is proven in Sect. 4 to equal the energy releas& associated with an increase in the size of
the frictionless straight constraint with a corner and therefore to correspond to the horizontal force exerted by the
elastic solid on the rigid constraint. This result is anticipated below for the rigid at punch, by showing that the
negative of the J{integral (9) matches the horizontal reaction force R; at its corner. To this purpose, an indenter
with rounded corners is considered in the Sect. 2.2, including the limit of vanishing curvature radius.
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2.2 Horizontal contact reaction force R, at the indenter with rounded corner in linear elasticity

A rigid punch with rounded corners is considered (Fig. 2, center), with a central at portion of width 2 a, rounded
at both ends with a parabola of radius of curvature R, described by x, = h(x1). The latter function has the
following derivative 8

< 0 if x12[ a;a);

hx1) = 17
W= & itxi2[ a bl )

where 20 2a de nes the unknown contact width, measured as the projection of the contact zone onto;. On
introduction of a mapping for the horizontal coordinate x; 2 [ b;{ in terms of the angle 2 [ =2; =2] as

sin ) a
a; with b=

- - ; 18
SIN ¢ SIN o ( )

x1( )=

the componentp,(x1) of the pressure distribution p at the contact is evaluated for an applied vertical forceP as
[13, 14, 27]
2P ( " sin( + o) °" + 0 o SN ™
. 2 +1 - t t ;o (19
( 29 sSin2 g)b ( 0) cos n sin( 0) an 2 an 2 (19)

p2( )=
The unknown angle o 2 (0; =2] (and therefore the corresponding detachment semi-distance a) can be
evaluated as the solution of the following nonlinear equation

1 PR _ 29 cot g
a’E 4sir® g 2

(20)

Note that the pressure distribution p2(x1), egn (19), has never been exploited to evaluate the horizontal
resultant force Ry of the contact pressure at each rounded corner, where the two forces have opposite directions
and thus satisfy equilibrium. Such horizontal resultant R1 can be calculated as the following positive quantity

Zy , Z

Ry = ) pa(x1)hY(x1)dx; = Rsin G

sin
sin o

Epz( )

0

1 cos d> 0 (21)

con rming that the horizontal reaction Rj; has an outward direction at each rounded corner. Exploiting egns (19)
and (20), the horizontal force R; (21) can be rewritten as
8(1 ?)PZ2sin ‘ 7( " sin( + o) °" + an o™
R, = - 0 5 ( 2 g)cos +In e S tan 0 tan 0
aE ( 2 sin2g)” , sin( 0) 2 2
(sin sin g)d:
(22)

The horizontal reaction force R, present at each rounded corner, can be evaluated through a numerical
integration of equation (22). The result is reported in Fig. 2 (right), where the force is represented as a function
of the ratio b=a 1.

The expression for the horizontal forceR, eq. (22), can be expanded by assuming a vanishing small contact
region at the rounded corner ( ¢! =2,b! a*) as follows

2\p2
@ 9P, 3 b

Ri(b=9 = ——F 5

1 +ob=a 1) (23)
which shows that the horizontal reaction attains a non-null nite value in the case of non-rounded, and therefore
sharp, corner ! a*),

1 P2

2 aE (24)

lim Ry (b=3 =
b a*

6
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The above equation con rms the presence of a non-null horizontal reaction forcdR, at each sharp corner of a
frictionless rigid indenter, which is quadratic in P, similarly to the con gurational force acting on an inextensible
rod constrained with a sliding sleeve [1, 5, 15, 36]. Interestingly, the limit value of the horizontal reactionR1, egn
(24), equals the negative of theJ{integral and the energy release rateG, evaluated for the at punch problem,
egs. (9) and (11), namely
b!im Ri(b=9= J= G: (25)
| at

The coincidence of the reaction force componenR; with the negative of the J{integral is proven in the next
Section within a nite elasticity framework, where both cases of contact with a sharp corner or a rounded surface
are addressed. Moreover, through the evaluation of energy variation for an increase of the frictionless rigid surface
of a at indenter, the J{integral is found in Sect. 4 to coincide with the energy release rateG and therefore
representative of a con gurational force component (calledF 7).

3 Frictionless contact reaction component R1 through energy-momentum tensor(s) and J{integral

It is shown that the reaction component force R;1 acting at the contact between a frictionless constraint and an
elastic solid coincide with the negative of theJ{integral, even when large deformations occur and the end of the
constraint is both a smooth or sharp corner. To this purpose, the de nition (7) for the J{integral is extended as
follows b @
J= n? s nd=¥
o e
whereS is the rst Piola-Kirchho stress tensor, ¢ is a counter-clockwise path with initial and nal points selected
on the boundary in contact, and the superscript 0 stands for quantities evaluated in the undeformed con guration.
After recalling concepts of nite elasticity, frictionless contact, and energy momentum tensors, theJ{integral
is shown to provide the reaction force componenR; acting on a generic portion of a smooth contact region@ !
of an elastic solid de ned as the undeformed domairBg, namely,

d o; ] =12 (26)

Ry @ = J o @on@§" ; 8 Po 2 Bo; (27)

and therefore the path independence of holds only for every path ¢ emanating from a selected point A in Fig.
3) and ending to another xed point (Bg in Fig. 3). Points Ag and By enclose a given portion of the boundary
@p(t)ou_

Assuming proper regularity conditions, equation (27) holds true even for a at indenter with a sharp corner,
where point Ag is located in the contact region, while point Bg on the right of the corner, on a free boundary.
Therefore, the reaction forceR; at the sharp corner can be evaluated as the negative of thé{integral,

Ri= J(o): 8 o (28)

where ¢ is any contour enclosing the corner, so that) is path-independent with regards to every pair of points
Ao and Bo.

Anticipating results obtained at the end of this Section, it can be pointed out that the application of egn (27)
to rectangular elastic solids with edges subject to uniform loading conditions, as sketched in both parts of Fig. 1,
provides the estimation of the reaction force componenR; at both sharp and rounded corner as given by egn (2).

3.1 A premise on nite elasticity

A solid undergoing large deformations is considered, in which the poinixg in the reference con guration By is
transformed into the point x = g(Xg) in the current con guration B, through the deformation function g. The
displacement eld u and the deformation gradient F follow as

u=Xx Xo; F=rg=1+ru; (29)
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Figure 3: Undeformed (left) and deformed (right) con gurations for an elastic solid (green) having its initially at
boundary in frictionless contact with a rigid constraint (brown) with smooth boundary. The contact reaction force
R1 associated with the contact region@{" can be evaluated through theJ{integral, whose path-independence
is restricted to all paths o ( {, and § in the reference con guration, ' and ' in the current one) emanating
from the same initial point (Ag in the reference con guration and A in the current) and terminating at the same
nal ( Bp and B) point.

where the gradientr is evaluated with respect to xg. The unit vectors ng and tg, normal and tangential to a
surface, are transformed into the corresponding unit vectorsn and t as

_F Tno _ Fto.
jF Tngj’ jFtoj’

(30)

sothatng to=n t =0. By assuming a hyperelastic response and introducing the strain energy density for a
unit volume in the reference stateBg, the rst Piola-Kirchho stress tensor S can be derived as

S= @(@F) : (31)

The rst Piola-Kirchho stress tensor S, eqgn (31), is related to the Cauchy stress tensofl through

S=JTF T; (32)

whereJ =det F (thus J =1 for incompressible materials) and the superscriptT denotes the transpose operator,
so that the resultant force acting on an in nitesimal area dag in the reference con guration is equal to the force
acting on the area element @ in the current state

Snodag = Tn da; (33)

where ng and n are the unit vectors orthogonal to the two area elements.
In the absence of body forces, equilibrium can be written in terms of rst Piola-Kirchho stress tensor as

DivS= 0; (34)

where the divergence operator Div is evaluated with respect toxg. Assuming continuity of S and therefore
excluding the presence of concentrated forces within the generic voluniy B ¢ described by its boundary@y,
the divergence theorem vyields 7

Sng = 0; (35)
@0

showing that the rst Piola-Kirchho stress tensor S is solenoidal.

8
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3.2 Frictionless contact problem: target and contactor

The boundary of a rigid and frictionless constraint, called “target', is described by the implicit surface (assumed
here smooth for simplicity, Fig. 4)

(x)=0; (36)
so that the points x in the current con guration can be divided in three disjoint sets as:
8
2 < 0; points x inside the constraint;
( x): 5 = 0; points x on the constraint boundary; (37)

> 0; points x outside the constraint:

Figure 4: The contact problem between a “contactor' elastic body (green) and a rigid and frictionless “target'
(brown). Left: The point X on the boundary of the body in the reference con guration has unit outward normal
No and unit tangent to. Right: The deformation transforms these quantities to x on the contact surface and ton
and t, which become the unit normal (inward the target, outward the contactor) and the tangent to the target,
respectively. The contact is sketched as the result of an imposed displacement on @Bo.

The “contactor' body, in its reference con guration By, assumed undeformed, is transformed through a suf-
ciently regular deformation function g(Xg), to become in frictionless contact with the target, thus reaching a
deformed con guration B under the action of prescribed dead tractions on@ and displacements on@;. There-
fore, points of boundary x = g(xg) 2 @B, transformed of the corresponding points in the reference con guration
Xo 2 @B, can be classi ed as:

" Points x (equivalently, xo) belonging to @3¢ (@SEF’) separated from the constraint, whenx = g(Xg) are
outside the constraint, set (37)s;

" Points x (equivalently, xo) belonging to @™ (@) touching the constraint, when x = g(xp) is on the
boundary of the constraint, set (37),.

The subset of separated points@gep, and equivalently @S¢P, can be partitioned as subject to prescribed
loading (assumed dead for simplicity) or displacement

@By @By [ @,; andequivalently @ @[ @B : (38)

It is assumed that a portion of the boundary outside @'Y and bordering with it at its two edges exists, where
tractions are null, so that the ends of the constraint can be moved on a free portion of the boundary of the elastic
body.
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The subset of touching points @$" can be subdivided into a subtle partition, with reference to the Cauchy
stressT and its spatial counterpart of the rst Piola-Kirchho stress S, eqn (31), as

Grazing @C = fx2 @° Tn = 0g; and equivalently @8BS := f xo 2 @Y Sng = 0g;

Full contact @€ = fx2 @ n Tn < 0g; and equivalently @B§ = fxg2 @' no F 1Sng< 0g;

(39)
so that
@ @B [ @BS; and equivalently @ @°[ @B°: (40)
In both the above cases along the touching boundary, the frictionless contact condition holds
(' n nmMTn=0 on @"; andequivalenty (I F "ng F Tng)Snp=0 on @%Y; (41)
which can also be rewritten with reference to every tangent vectorgo and t (see eqn (30)) as
t Tn =0 on @"; andequivalently to F'Snpg=0 on @%": (42)

Interestingly, egn (29), shows that the eqn (42} implies the validity of the following identity at every point of the
frictionless contact surface in the undeformed con guration

to Sng= to (ru)’Sng; on @P: (43)

An application of the virtual work principle to the mechanics of sliding contact is provided for completeness
in Appendix A.

3.3 Two energy-momentum tensors

Two di erent de nitions of the energy-momentum tensor for solids subject to large deformation can be found in
the literature. In particular, Eshelby [18] introduced the energy-momentum tensorP as

P= | (ru's; (44)
while Gurtin [22] de ned a di erent energy-momentum tensor C ast
C= 1| F's (45)
where the two tensors can easily be related using the de nition (29) of the deformation gradient F as
C=P S (46)

It is noted that the J{integral (26) involves the energy-momentum tensorP, because it can be rewritten as
4

J = e1 Pnod 0- (47)

0

The divergence of the energy-momentum tenso (45) can be evaluated as

@¢ _ @ @k @ .
@f @f X @f’
1The divergence operator here used is, in Cartesian rectangular coordinates, (Div C) = @¢ :@%: If the de nition of divergence is

changed, so that the rst index is repeated, the transpose of C is accordingly used, as in [11]. A further de nition of energy-momentum
tensor has been introduced by Maugin [34].

Sk Fui (48)

10
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which, recalling the constitutive relation (31), simpli es to

@ _ . Ok OF @F.
@8 Shk ax @?Skj Fui

Considering again the de nition (29), of the deformation gradient F, the application of the Schwarz theorem
implies

(49)

@R @Kk @xh @x
Shk — % Si = S Sy =0; 50
@R @f¥ T™egep eRef™ 50)
so that egn (49) further simpli es as
Q¢ _ @%y .
= = Fy—: 1
@} “@x 1)

Due to equilibrium equation (34), eqn (51) implies the null divergence of both the energy momentum tensor€
and P,
DivC = 0; DivP = 0: (52)
Assuming continuity of the elds and therefore excluding material discontinuities and stress singularities within
the generic volumePy B ¢ described b%/ its boundary@Po,Zthe divergence theorem yields

Cng= 0; Pno= 0; (53)
@9 @0
showing that both the energy momentum tensorsC and P are solenoidal, as the rst Piola-Kirchho stress tensor
S, egn (35), is.
The solenoidal property is now used to solve the equilibrium condition of a solid loaded through a generic
pressure loadingp(x) on its boundary @B, so that the static boundary condition is

Tn = pn; on @3; (54)
which, by considering the traction equivalence (33), implies
_ Th _ da )
Sng= pJF '‘ng= p%n, on @y, and @B; (55)
and therefore
FTSnp= pJ ng; on @Bo: (56)

It follows that under the pressure loading of (54), the solenoidal property (53) for the energy-momentum tensor
C can be expressed fo@, @Bg as 7

(+ pJ)no=0: (57)
@o

Equation (57) applies to any (non-singular) solid boundary @, and any non-uniform distribution of the
pressurep. Equation (57) relates the elastic energy to the pressure (multiplied byJ ) on the boundary and is
trivially satis ed when and pJ are uniform. It is noted that the pressure loading p(x) on the boundary can be
realized through the contact with both a unilateral or a bilateral frictionless constraint. While p 0 for unilateral
contact, p may have any sign when the contact becomes bilateral. The latter contact condition will be visualized
in the following as obtained with rollers.

If the boundary @ is subjected ;o a pressure onlygn its portion @8 @3y, equation (57) changes into

(+ pI)no+ Cng = 0; (58)
@B} @on@B)
where the appropriate boundary conditions have to be imposed or@8on@8f. In terms of tensor P, an equivalent

of equation (58) is obtained as
z

l+plJ (0 F T)no+ Pno = O: (59)
@h @on@By
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3.4 Dierent energy-momentum tensors in the solution of rectangular elastic domains under pres-
sure loading

Attention is now restricted to plane problems of solids with an undeformed rectangular domainBg, having sides
parallel and orthogonal to the two unit vectors e; and e, de ning the Cartesian reference system. Thus the
domain is described as

Bo:= x9210,°0];x32 [ho=2, ho=2] ; (60)

where "o and hg are respectively the length of the sides parallel toe; and e,. The boundary @Bg is given by
the union of the four rectangle sides@g @'0[ @5 [ @[ @8; with corresponding outward unit normal ng
respectively equal to e1, ez, €1, and ey, Fig. 5. A pressure loading conditionp is considered on the boundary

Figure 5. Left. An elastic solid of undeformed rectangular shape@y with the image of a pressure loading
distribution p, symmetric with respect to e;, on the boundary portions @}, @, and @},. Right: Deformed
con guration. Exploiting the concept of energy-momentum tensor C, the resultant of the unknown loading
pressurep', enforcing equilibrium, can be evaluated with an excellent approximation through egn (2).

portions @§ and @8 constraining the traction vector to
Tn = pn; on @3 [ @b: (61)

3.4.1 Reaction forces R§+ RE and Ri(@") from the energy momentum tensor P

The projection along e; of the solenoidal property of P, egn (53),, implies that
z z
e Png= e1 Png; (62)
@3 @B @Y @B}
where the left hand side, because of the applied pressure loading (61) and the related property (43), can be
rewritten as Z Z
e Pno= e Sng: (63)
@3 @Y @3 @B}
Introducing the contact force componentsR$ and RY along e; on the two respective boundary portions @3 and
@8} as z z

R%= g Sno; RP=e; Sno; (64)
@z @8
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and considering the equilibrium equation (35) and egn (63), leads to
z

R+ RP= ¢ Pno: (65)
@By @Y

A generalization of egn (65) can be obtained for any arbitrary surface@ o having a non-null portion in contact
@Y 2 @, with outward normal no = e,. The component R;(@ ") of the resultant force of the pressure
distribution acting on @ can be computed using any line integral with initial and ending point coincident with
the limit points of the contact region for which the reaction force is evaluated

z z z

Rl @p(t)ou = e Sno = e Pno = e1 Pn 0- (66)
@;ct)ou @D(t)ou @aon@)ct)ou

From egn (66) it can be concluded that, even in the case of smooth constraints, the contact reaction force
component R; transmitted to the body from the contact region @Y coincides with the negative of the J{
integral (26), evaluated for a path o  @on@" as expressed by eqn (66). It follows that theJ{integral
path-independence is preserved only for all paths with the same initial and nal points, because the reaction force
R1 depends on the extension of the specic contact region, Fig. 3. In the case of a at constraint ending with
a sharp corner, the initial and nal points of ¢ can be chosen on the left and on the right of the discontinuity
in curvature, respectively, in the contact and in the traction-free surface. Thus, assuming a su ciently regular
behavior, the equation (66) becomes equation (27) and a path-independence of tlidintegral is found.

3.4.2 Reaction force R%+ R from the energy momentum tensor C

It is now interesting to readdress the equilibrium of an elastic rectangular undeformed domain subject to either a
pressure loadingp on @§ and @8, by exploiting the solenoidal property of C. Considering the normal direction
No= e, and the property (42),, it follows that

e1 Cng=0; on @3 [ @B5; (67)
and therefore taking the scalar product with e, the solenoidal property of C reduces to
z z
( Fe; Sei) ( Fe; Sei)=0: (68)
@, @8y

If either a pressurep or a dead loadingSny is applied on the boundary portions @}, and @}, eqn (68) simpli es
as d i
" p " p _

=0: (69)
@8}, S11F11 + Sa1F21 @8} S11F11 + Sa1F21
Introducing the further assumption of homogeneous deformation gradient= in the neighborhood of the two
boundaries @}, and @B}, as sketched in Fig. 5, the integrals in equation (69) can be trivially solved to yield

n n
BN e P = 0; (70)
S11F1i1 + ShiFJ, SiiFi1+ SihFs ’

where the superscriptsl and r respectively identify the relevant (constant) quantity evaluated on the boundaries
@'0 and @B, Interestingly, the expression obtained by restricting eqn (70) to only the terms inp,
|+pl\]|: r+prJr; (71)

shares some similarities with Bernoulli's equation for stationary ow in uid mechanics.
It should be noted that 1,37, Fi,, andFJ}, (j = I;r)ineqgns (70) are all functions of: (i.) the contact (pressure)
distribution p on the boundaries @§ and @8, not explicitly appearing in egns (68){(70) and (ii.) the pressure
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distribution p or the dead loading Sng on the boundaries@}) and @f,, as in Figs. 1 and 5. Except for trivial
cases, the pressure or dead load (ii.) cannot easily be related to the pressure distribution (i.), because equilibrium
has to be satis ed, therefore eqns (70) contain more than one unknown. However, assumirh; = S5, = 0 and
that the lateral load (ii.) is applied only on the boundary @JO (j = 1 orr) while the boundary @}) (i=1lorr,
with i 6 j) remains unloaded, equations (70) can be used to de ne the unknown loading, eithep’ or S};. In
particular, eqns (70) lead to

0
Sj'dsjj = I ij = Lr  withi6j (72)

11711
so that, when the load (i.) (the pressure distribution p on the the boundaries @§ and @8Y) is prescribed, the
relevant equation becomes a nonlinear implicit equation in the variable representing the load (ii.), applied on the
boundary @B}, either p' or S}, (j = I;r). The sum of the two componentsR? + R? of the resultant force alonge;
of the pressurep applied on the boundaries@§ and @8 can be obtained from equilibrium for the two loading
cases as

n Il - N rpr-
Re+RP= PM and ReeRR= P (73)
Si1ho; S11ho:
Assuming nowFJ, =0, so that | = Fl,, L = Fl,, andhi = Lhy on the loaded boundary @}, (j = I or r),
equation (72) implies
| r
R+ R = —ho;  with j =1 orr, (74)

1
an expression that can alternatively be derived from eqn (65) by recalling from egn (29) that 1 = 1 + uj.1.
Equation (74) shows that only a non-null di erence in the strain energy at the two boundaries @{) and @
induces a forceR; = R2 + RY and reduces to egn (2) when the right edge is unloaded, " = 0, as is the case of
the loading conditions sketched in Fig. 1.

4 Energy release rate G and the con gurational nature of the frictionless contact force component
R1

A rigid, frictionless, and at constraint ending with a rounded or sharp corner is in contact against the boundary
of a hyperelastic body with a at surface in its reference con guration. The frictionless constraint is assumed
to be capable of altering its extension of contact by increasing the size of its at surface through an horizontal
growth of the position of its, say right, corner. Analogously to the concept of con gurational force on defects or
inhomogeneities introduced by Eshelby [17], the idea of a con gurational force acting on the corner of frictionless
and rigid constraints can be introduced.

For a growth ¢ in the size of the frictionless constraint alonge;, de ned with respect to the undeformed
con guration of a hyperelastic solid, the con gurational force component F; parallel to the growth direction can
be de ned as an energy release rat& &

@'
whereV is the total potential energy of the mechanical system at equilibrium. For both cases of sharp or rounded
corner, it is shown that the con gurational force component F{ equals the J{integral,

Fl =G= (75)

Fr=J (76)

The treatment is restricted for simplicity to two-dimensions, where surfaces are curves and planes straight
lines. Final applications are referred to a rectangular undeformed shap®&g of the contactor, as described by egn
(60). As a generalization of the results presented in Sect. 2, it is shown that a frictionless punch ending with
a sharp corner can generate a horizontal con gurational force even when in contact with a planar surface of an
elastic solid.
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4.1 Variation in the length of a at, frictionless, and rigid constraint ending with a sharp corner

The contactor has an initially at boundary @§ having unit normal no = e, while the target has a rectilinear
surface (with outward unit normal e,) ending with a corner, located at pointy, Fig. 6. The frictionless constraint
is in contact with the elastic body on the portion of the boundary @S;C. The contact is assumed to be “full',
so that grazing does not occur and all the points on the touching surface 2 @3'" belong to @3° = @3,
including the corner point y. On the solid, the latter point is back-transformed in the reference con guration into
yo- The latter point is perturbed by postulating a small growth, parallel to the rectilinear contact surface of the
constraint, to a neighboring point yo+ e;. It is therefore possible to strictly follow Eshelby [17], thus de ning
a surface@y enclosing a regionSy which contains the corneryg in the reference con guration By, called "original
surface' and introducing a “replica’ region equal toSp, but translated to the region S§ with surface @, obtained
by applying a rigid displacement vector 0e1 to So. Note that the surfaces @y and @ are punctured at the
singular point yo. The steps below are followed.

Figure 6: An elastic solid (green) with a planar surface is pressed against a at, rigid, and frictionless constraint
(brown). Left (Right): The constraint has a corner touching the elastic body at point yq (at point y) in the
reference (the current) con guration By (B). In a setting which follows Eshelby, the corner of the frictionless
constraint is assumed to grow of an amount ¢ e; in the reference con guration. Two identical regions Sp and S
are assumed in the reference con guration di ering in a rigid horizontal shift o €1, both enclosingyo. The two
regions are transformed by the deformation into the regionsS and S° both enclosing the corner of the constraint
at point y.

(i.) In the reference con guration Bg, the material in the region Sy is cut out and kept aside. Both the latter
and the rest of the body are considered to still be subject to the nominal tractions that were exchanged
across the surface cut out of the body, in addition, the cut out piece is also assumed to be subjected to the
surface forces transmitted by the constraint.

(ii.) Consider the material in the replica region, inside of S, and apply on its surface @ the nominal tractions
transmitted by the rest of the deformable body and by the constraint. Comparing the energies insidé&s? and
Sp and taking the limit of vanishing ¢, the Leibniz integral rule for a closed curve@by in a two-dimensional

domain, rigidly shifted inside By, is obtained [19]

Z Z
d

—_— = No es; (77)
do So( o) @0

whereng is outward unit normal to @y, so that the surface on the horizontal edge of@s, does not contribute.
Equation (77) may be understood in a generalized sense, depending on the kind of possible singularity
present at the end of the target, and provides the di erentiation of the elastic energy corresponding to an
in nitesimal translation of Sy, equivalent to an in nitesimal increase in the length of the target.

(iii.) Due to the deformation, the deformed replica S° (transformed of S§) does not t into the hole left by
the “excision' of S (transformed of Sp). In particular, any point rg inside the region of the replica equals
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