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Abstract5

The coupling of elastic and plastic deformation is introduced in a framework6

allowing for the inclusion of thermal effects. In this context where high tempera-7

tures may be present, many laws governing materials behaviour become nonlinear8

functions of both temperature and strain. The understanding of this is crucial9

to the modelling the behavoiur of refractories, sintering processes, rocks at great10

depth and geo-energy. Two equivalent formulations are presented, one in terms11

of isothermal elastic quantities and the other in terms of adiabatic. In the former12

approach a Helmoltz free energy density need not be introduced and the contribu-13

tions to the variations of elastic stiffness of both plastic flow and temperature can14

be clearly separated and hence a full explanation given. A simple example using15

available experiments on sintered alumina shows the capability of the constitutive16

framework to describe the behaviour of refractories at high temperature.17

Keywords: Elasticity, plasticity, flow rule18

1 Introduction19

Refractories for applications in the liquid steel industry [8], ceramic powders subject20

to sintering [22, 10], rocks in the earth’s mantle or for heat involved in heat storage21

or geothermal-energy exploitation at great depth [11], and concrete for fire protection22

[20] are all examples of materials working under extreme temperature environments or23
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subject to high temperature excursions. In all these cases plastic flow which is caused24

by sliding between grains, nucleation and growth of pores and microcracks affects the25

elastic properties of the materials. These phenomena can be modelled using the concept26

of elastoplastic coupling, a concept that was pioneered and developed by Tomasz Huekel27

[16, 17, 18, 21, 4], to whom this article is dedicated. In the above-mentioned materi-28

als, temperature is known to influence yielding, hardening, and elasticity, but it may29

have antagonistic effects on damage, so that, while a thermal shock can microfracture30

a brittle material, adhesion between particles occurs during sintering and an analogous31

phenomenon of microfracture healing may happen as a consequence of local melting at32

crack surfaces in fissured rock.33

Research on elastoplastic coupling has developed to include multisurface effects [5],34

models for the densification processes of granulates [23],[24], [25], [26] and models for35

the mechanical response of sand [12]. This has proved to be of crucial importance in36

capturing strain localization in granular media under drained conditions [14], [15]. An37

important step forward in this activity was the realization that assuming normality for38

the rate of irreversible strain (rather than of plastic strain) to the yield surface implies39

that the constitutive operator is symmetric [14], an observation which becomes crucial40

in the definition of maximum dissipation.41

The present article is focused on a class of materials displaying only reversible strain42

when subjected to thermal load/unload cycles, with the stress state lying within the43

yield surface. This reversibility is typical of single-constituent refractory materials (such44

as sintered alumina [28, 9]) and implies that a temperature variation may produce plas-45

tic strain only if the stress state lies on the yield surface. This behaviour is in contrast46

with materials (made up with various constituents of different thermal expansion coeffi-47

cients [19]) displaying irreversible strains when subjected to thermal load/unload cycles48

at null applied stresses, thus involving a complex coupling between plastic strain and49

temperature. The purpose of the present article is to develop the formulation of elasto-50

plastic coupling for the modelling of thermoplastic behaviour of rock-like and refractory51

materials. The main complication here arises from the fact that several constitutive52

laws, usually assumed to be linear, become nonlinear for high temperature excursions53

and functions of both plastic strain (which measures the damage of the material) and54

temperature. Therefore, following [2], the formulation will first be introduced as a direct55

extension of elastoplastic coupling under isothermal conditions (Section 2.1), which does56

not require the introduction of a free energy density function, and later transformed in57

to an adiabatic form (Section 2.2). The treatment is done in such a way that the contri-58

butions of elastoplastic coupling and of temperature on variation of elastic stiffness are59

clearly separated. This separation is crucial to describe the sometimes contrasting effects60

of damage (reducing the elastic stiffness) and temperature (which, when extreme, may61

induce melting and damage healing). Finally, an application is presented to describe the62

sintering of a ceramic powder or refractory material in which the self-healing occurs with63

exposure to high temperature. (Section 3). The example is calibrated using data exper-64
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iments with sintered alumina and shows the capability of the constitutive framework for65

the description of rock-like materials at high temperature.66

2 Thermoplastic constitutive equations67

Two formulations are introduced for thermo-elasto-plastic constitutive equations in which68

the plastic deformation influences the elastic response of the material (‘elastoplastic cou-69

pling’), with a full account of all couplings related to the temperature effects. The first70

formulation, obtained as a direct extension of the elastoplastic coupling concept un-71

der isothermal conditions, does not require the introduction of a Helmholtz free energy72

density, while the second formulation does require its introduction, based on adiabatic73

quantities.74

2.1 Formulation in isothermal form75

The strain ε is additively decomposed into the elastic (subscript ‘e’), plastic (subscript76

‘p’), and thermal (subscript ‘T’) parts as77

ε = εe + εp + εT , (1)

where the thermal strain εT can be a complicated tensorial function of the temperature78

variation ∆T . In the case of isotropic response, the thermal strain is equal to79

εT = α(T )∆T I. (2)

where the thermal expansion coefficient α(T ) can be constant or assumed to be a function80

of the temperature.81

The stress can be expressed as a function of the strain, of its plastic part, and of the82

temperature83

σ = σ (ε, εp, T ) , (3)

implying a precise choice of independent variables. For instance, the stress can be a84

linear relation of the elastic strain through a fourth-order elastic tensor Ei, which may85

depend on both temperature and plastic strain, namely, Ei(εp, T ), so that86

σ = Ei (εp,T )[ε− εp] + ∆TC(εp,T ). (4)

The subscript ‘(εp, T )’ highlights the functional dependence of the quantity on the plastic87

strain and the temperature. In equation (4), C is a second-order symmetric tensor, that,88

in the particular case of isotropic thermal strain and isotropic elastic bulk response,89

reduces to90

∆TC(εp,T ) = −Ei (εp,T )[εT ] = −3Ki (εp,T )α(T )∆T I, (5)
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where Ki (εp,T ) is the elastic isothermal bulk modulus, which may be function of both the91

plastic strain and the temperature, Ki(εp, T ).92

The stress-temperature tensor is defined as93

B =
∂σ(ε, εp, T )

∂T
, (6)

so that, accepting representation (4) becomes94

B =
∂Ei (εp,T )

∂T
[ε− εp] + ∆T

∂C(εp,T )

∂T
+ C(εp,T ). (7)

It can be noted that, for the simplified law (5), the derivative of C with respect to the95

temperature reduces to96

∆T
∂C(εp,T )

∂T
= −3∆T

∂Ki (εp,T )

∂T
α(T ) I− 3∆TKi (εp,T )

∂α(T )

∂T
I, (8)

which, for constant α(T ), is only a measure of the temperature variation of the elastic97

stiffness.98

Taking the derivative of equation (4) with respect to the time, and accepting elasto-99

plastic coupling (so that the dependence of Ei (εp,T ) on the plastic strain is not neglected),100

the stress rate can be expressed as101

σ̇ =
∂σ

∂ε
[ε̇] +

∂σ

∂εp
[ε̇p] + B Ṫ , (9)

from which the elastoplastic coupling can be given evidence as102

σ̇ =
∂σ

∂ε
[ε̇− ε̇p] +

(
∂σ

∂εp
+
∂σ

∂ε

)
[ε̇p]︸ ︷︷ ︸

elastoplastic coupling

+B Ṫ . (10)

Accepting representation (4), the stress rate can be expressed as103

σ̇ = Ei (εp,T )[ε̇]−

Ei (εp,T )−
∂Ei (εp,T )

∂εp
[ε− εp]−∆T

∂C(εp,T )

∂εp︸ ︷︷ ︸
elastoplastic coupling

 [ε̇p] + B Ṫ . (11)

Equations (7) and (11) clearly separate the plastic dependence from the temperature104

dependence of the elastic stiffness, the former representing the elastoplastic coupling.105

The irreversible strain rate ε̇i is defined as106

ε̇i = C[ε̇p], (12)
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where the fourth-order tensor107

C = S− E−1
i (εp,T )

(
∂Ei (εp,T )

∂εp
[ε− εp] + ∆T

∂C(εp,T )

∂εp

)
, (13)

in which S is the fourth-order symmetrizer, is assumed to be invertible. The rate equation108

(10) can be rewritten as109

σ̇ = Ei (εp,T )[ε̇]− Ei (εp,T )[ε̇i] + ṪB. (14)

Rather than the rate of plastic strain, the plastic flow rule is assumed to govern the110

rate of the inelastic strain, so that111

ε̇i = λ̇P(σ, εp, T ), (15)

where λ̇ ≥ 0 is the plastic multiplier and P the plastic flow mode tensor, a function of112

the stress, of the plastic strain and of the temperature. Tensor P is not in general normal113

to the yield surface, so that the flow rule (15) is for the moment assumed nonassociative.114

The normality rule corresponds in the present context to the condition for which ε̇i and115

the yield function gradient are coaxial. The reasons to assume that the flow flows rule116

(15) determines the ‘direction’ of the rate of inelastic deformation, instead than the rate117

of plastic strain, have been explained in detail in [14] and are consistent with concepts118

introduced by Collins & Houlsby (1997), based on Ziegler’s orthogonality principle (1983).119

A substitution of equation (15) in equation (14) yields120

σ̇ = Ei (εp,T )[ε̇]− λ̇Ei (εp,T )[P] + ṪB. (16)

Note that121

ε̇p = λ̇C−1[P], (17)

so that when λ̇ = 0 both ε̇p and ε̇i vanish simultaneously.122

The yield function is assumed in the form123

f = f(σ,H, T ), (18)

where H denotes a collection of generic hardening parameters, now functions of the124

temperature T and, as usual, of the plastic deformation εp. The yield function gradient125

is denoted by126

Q =
∂f

∂σ
, (19)

so that the Prager’s consistency can be written as127

ḟ = Q · σ̇ +
∂f

∂H
· Ḣ +

∂f

∂T
· Ṫ = 0, (20)
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when plastic loading occurs.128

Introducing now the hardening modulus hi as129

λ̇hi = − ∂f
∂H
Ḣ, (21)

and the (strictly positive) plastic modulus130

Hi = Q ·Ei (εp,T )[P] + hi, (22)

the plastic multiplier can be derived from a substitution of equation (16) into the con-131

sistency equation (20)132

λ̇ =

< Q ·Ei (εp,T )[ε̇] +

(
B ·Q +

∂f

∂T

)
Ṫ >

Hi

, (23)

where <> are the Macaulay brackets, enforcing the distinction between plastic loading,133

elastic unloading, and neutral loading.134

A substitution of equation (23) into equation (16) yields the thermo-elasto-plastic135

constitutive equations in the following rate form involving isothermal elastic moduli136

σ̇ = Ei (εp,T )[ε̇]−
< Q ·Ei (εp,T )[ε̇]− βṪ >

Q ·Ei (εp,T )[P] + hi
Ei (εp,T )[P] + ṪB, (24)

where137

β = −B ·Q− ∂f

∂T
. (25)

Note that the normality rule corresponds to the special case in which P = Q.138

2.2 Formulation in adiabatic form139

In order to express the rate constitutive equations (24) in an adiabatic form, the Helmholtz140

free energy density per unit mass has to be introduced141

ψ = ψ(ε, εp, T ), (26)

which is consistent with the choice of the independent variables in equation (4) and is142

related to the specific internal energy e and the specific entropy s through143

ψ = e− Ts, (27)

and defined so that144

σ = ρ
∂ψ

∂ε
, s = −∂ψ

∂T
. (28)

6



Local conservation of energy or the First Law of Thermodynamics is (Truesdell and145

Toupin, 1960)146

ρė = σ · ε̇− divq + r, (29)

where r is the heat supply per unit volume generated by internal sources, q is the heat147

flux, assumed to obey a generalized Fourier law of heat conduction148

q = −K∇T, (30)

in which tensor K may be a generic function of the state varables (for instance plas-149

tic strain and temperature), but is always positive definite. Local adiabatic conditions150

correspond to r = divq = 0.151

With a slight loss of generality, but a considerable gain in simplicity, the Helmholtz152

free energy per unit mass can be expressed in a convenient form as153

ψ(ε, εp, T ) =
1

2ρ
(ε−εp) ·Ei (εp,T )[ε−εp]+

∆T

ρ
C(εp,T ) · (ε−εp)−c̃v (εp,T )

(
T log

T

T0
−∆T

)
,

(31)
where again the subscript ‘(εp, T )’ highlights the functional dependence of the quantity154

on the plastic strain and the temperature, T0 is a reference temperature, and c̃v (εp,T ) is a155

function of the plastic strain and of the temperature, which may describe the temperature156

dependence of heat capacity.157

The Helmoltz free energy (31) leads through equation (28)1 to exactly the same158

expression (4) for the stress, while equation (28)2 yields159

s = − 1

2ρ
(ε− εp) ·

∂Ei (εp,T )

∂T
[ε− εp]−

1

ρ
C(εp,T ) · (ε− εp)

−∆T

ρ

∂C(εp,T )

∂T
· (ε− εp) + c̃v (εp,T ) log

T

T0
+
∂c̃v (εp,T )

∂T

(
T log

T

T0
−∆T

)
.

(32)

Note that, when Ei and C are independent of the temperature, tensor C coincides with160

the stress-temperature tensor, B = C, and c̃v (εp,T ) becomes the specific heat at constant161

strain.162

Taking the time derivative of the Helmholtz free energy (26) and using equations (28)163

and (29) yields164

ė = σ · ε̇ +
∂ψ

∂εp
· ε̇p + T ṡ (33)

and165

T ṡ = − ∂ψ
∂εp

· ε̇p +
γ

ρ
, (34)

where γ = −divq + r. The rate of the specific entropy is166

ṡ = −
(
∂ψ

∂T

) ·
= − ∂2ψ

∂ε∂T
· ε̇− ∂2ψ

∂εp∂T
· ε̇p −

∂2ψ

∂T 2
Ṫ , (35)
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which, used in equation (34), leads to167

ρcvṪ = TB · ε̇ + ρ

(
T

∂2ψ

∂εp∂T
− ∂ψ

∂εp

)
· ε̇p + γ. (36)

where168

cv = −T ∂
2ψ

∂T 2
(37)

is the heat capacity at constant strain.169

In the case of elastoplastic coupling, equation (17), used into equation (36), provides170

ρcvṪ = TB · ε̇ + λ̇ρ

(
T

∂2ψ

∂εp∂T
− ∂ψ

∂εp

)
·C−1[P] + γ. (38)

Therefore, by introducing171

χ = ρ

(
∂2ψ

∂εp∂T
− 1

T

∂ψ

∂εp

)
·C−1[P], (39)

which, using equation (31), can be specified to be172

ρ
∂ψ

∂εp
= −σ +

1

2
(ε− εp) ·

∂Ei (εp,T )

∂εp
[ε− εp] + ∆T

(
∂C

∂εp

)T
[ε− εp],

ρ
∂2ψ

∂εp∂T
= −B +

(
∂C

∂εp∂T
+ ∆T

∂2C

∂εp∂T

)T
[ε− εp],

(40)

two equations allowing to rewrite equation (36) as173

ρcvṪ = TB · ε̇ + λ̇Tχ+ γ. (41)

Setting the elastoplastic coupling to be zero174

ρ
∂ψ

∂εp
= −σ, ρ

∂2ψ

∂εp∂T
= −∂σ

∂T
= −B, C−1[P] = P, (42)

the following equation is immediately obtained175

χ = − (B− σ) ·P, (43)

so that χ 6= β even when P = Q.176

The rate constitutive equations (24) can be expressed with adiabatic elastic stiffness,177

so that the plastic multiplier (23) can be rewritten using equation (41) as178

λ̇ =

< Na · ε̇−
βγ

ρcv
>

Hi +
Tβχ

ρcv

(44)
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and the stress rate as179

σ̇ = Ea[ε̇]− λ̇Ma +
γ

ρcv
B, (45)

where180

Ea = Ei (εp,T ) +
T

ρcv
B⊗B, (46)

is the adiabatic elastic fourth-order tensor and181

Ma = Ei (εp,T )[P]− Tχ

ρcv
B, Na = ETi (εp,T )Q−

Tβ

ρcv
B. (47)

Therefore, the rate constitutive equations expressed in an adiabatic form are obtained182

as183

σ̇ = Ea[ε̇]−
< Na · ε̇−

βγ

ρcv
>

Hi +
Tβχ

ρcv

Ma +
γ

ρcv
B. (48)

Note that, due to the difference between β and χ, tensor Ma differs from tensor Na,184

so that the major symmetry of the constitutive operator is lost even when the normality185

rule applies, namely, when P = Q.186

3 Specialization of the constitutive framework to the187

simulation of the thermomechanical behaviour of188

sintered alumina189

In order to show the capabilities of the proposed thermo-elasto-plastic framework with190

elastoplastic coupling, a simple application is presented, which is calibrated using ex-191

perimental results available on sintered alumina, using the interpolating relationships192

proposed by Gajo and Cecinato [13] and the compaction pressure vs. plastic volumet-193

ric strain law provided by Cooper and Eaton [7]. Moreover, the thermal softening of194

the material is assumed to follow the same tendency observed for the elastic modulus,195

whereas the mechanical softening and the damage of elastic stiffness due to shear load-196

ing are assumed to follow a reasonably expected trend. Note that softening can yield197

localized deformation, which is however not addressed here for simplicity. A rigorous198

analysis of localization and post-localization regime of a laboratory sample can be found199

in [14]. The simulations presented below show that the proposed constitutive framework200

may find application in the analysis of hot sintering under isostatic pressure (in other201

words, ‘hot compaction’) and in the simulation of refractory and rock response at high202

temperatures under severe mechanical isotropic and shear loadings. The simplifications203

introduced in the modelling imply that the gain in cohesion induced by firing (that is a204

factor even at null applied isostatic stress) is not captured for hot sintering, even if this205

effect could be easily introduced, if the experimental data were available.206
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3.1 Free energy density and elasto-plastic coupling207

Experimental evidence on sintered alumina subjected to a thermal loading-unloading208

cycle ([9], [28]) suggests the assumption of the following free energy density function209

(expressed per unit mass, assumed equal to 3950 Kg/m3)210

ψ(ε, εp, T ) =
1

2 ρ
Ki (εp,T )

[
tr(ε− εp)− α(T )∆T

]2
+
Gi (εp,T )

ρ
(e− ep) · (e− ep)+

211

−c̃p (T )
(
T log

(
T

T0

)
−∆T

)
, (49)

where e is the deviatoric strain and Ki (εp,T ) and Gi (εp,T ) are the bulk and shear moduli,212

respectively, which depend upon the temperature and the plastic strain, through the213

following functions214

Ki (εp,T ) =

[
aK − bK∆T − cKtanh

(
T − TK
dKT0

)]
exp[−a1trεp] exp[−a2tr(ep · ep)], (50)

215

Gi (εp,T ) = Ki (εp,T )
2(1 + ν)

3(1− 2ν)
, (51)

in which aK , bK , cK , dK and TK are constitutive parameters that have to be calibrated216

using experimental measurements and ν is the (assumed constant) Poisson’s ratio. It217

is worth remarking that elasto-plastic coupling is introduced through the dependency218

of K(T, εp) and G(T, εp) on εp. Note that an increase of plastic deviatoric strain and219

plastic dilatation (trεp > 0) leads to a degradation of elastic stiffness, whereas a plastic220

compaction (trεp < 0) leads to an increase of elastic stiffness.221

The functions α(T ) and c̃p (T ) simulate the observed dependence on temperature of the222

thermal expansion coefficient and of the heat capacity, through the following relationships223

α(T ) = aA + bA

(
T − TA
T0

)eA
, c̃p (T ) = aC + bC

(
T − TC
T0

)eC
, (52)

where aA, bA, eA, TA, aC , bC , and TC are constitutive coefficients that have to be cali-224

brated using experimental measurements. The function c̃p (T ) is related to c̃v (T ) in equa-225

tion (31), through226

c̃v (T ) = c̃p (T ) −
1

ρ
Ki (εp,T )α

2
(T ). (53)

Having assumed the laws (49)-(52), the evolution with temperature remains defined227

for the adiabatic and isothermal elastic moduli, for the linear thermal expansion coeffi-228

cient, and for the specific heats at constant strain and at constant stress (the latter is229

10



defined through the complementary elastic energy) which are reported in Fig. 1. Note230

that the values of heat capacity were obtained at constant atmospheric pressure (0.1231

MPa), whereas the values of heat capacity at constant strain were evaluated for the cur-232

rent volume of the sample (which is subject to an increase of temperature). Even if a233

large variation of temperature is analysed, the specific heats at constant strain and at234

constant stress nearly coincide with each other (Fig. 1 upper part) and agree with the235

available data on sintered alumina.236

3.2 Yield function and hardening laws237

A simple example of the introduced general framework involving elasto-plastic coupling238

with a non-linear dependence of elastic properties on the temperature is now developed239

with reference to a temperature-dependent yield function assumed to be the following240

extension of the modified Cam Clay model241

f(σ, T, pc) = McvK(θ)

[(
trσ

3
− p̃t

)2

+

(
trσ

3
− p̃t

)
(p̃c + p̃t)

]
+ 3J2, (54)

where Mcv is the critical state slope parameter, K(θ) is a function of the Lode angle, θ,242

describing the deviatoric section (assumed in the form proposed in [1]), J2 is the second243

deviatoric stress invariant, p̃c = pcR(T ) is the yield stress under isotropic compression244

(function of the temperature through R(T )), pc is the hardening parameter (denoted by245

H in equation (18)), representing the compaction pressure and depending on the plastic246

volumetric strain through the Cooper and Eaton [7] relation247

trεp = −ã1exp

(
−Λ1

pc

)
− ã2exp

(
−Λ2

pc

)
, (55)

and p̃t = kp̃c is the yield stress under isotropic extension, assumed to be a fraction k248

of the yield stress for isotropic compression. The scalar function R(T ) of temperature in249

equation (54) is a thermal reduction factor describing the thermal softening of the yield250

surface occurring at high temperature, due to the partial melting of some constituents.251

R(T ) is assumed in the following form252

R(T ) = aR + bRtanh

(
T − TR
cRT0

)
, (56)

where aR, bR, cR, and TR are constitutive parameters to be calibrated using experimental253

results. At room temperature R(T ) ≤ 1 is equal to the unit and decreases at large254

temperatures. Due to the lack of available experimental data, the evolution of R(T ) with255

temperature is assumed similar to that governing the elastic stiffness (see Fig. 1 upper256

part) and is shown in Fig. 2.257

Isotropic hardening is assumed to be described by pcR(T ), which depends on both the258

volumetric plastic strain (through pc, which can induce either hardening or softening)259

and on the temperature (through R(T )).260
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Figure 1: Laws describing the variation with temperature of: adiabatic and isothermal elastic modulus
(upper part), linear thermal expansion coefficient (central part) and specific heats at constant strain and
at constant stress (lower part), evaluated at atmosferic pressure.
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Figure 2: Law describing the variation of the thermal reduction factor R(T ) with temperature, de-
scribing thermal softening of the yield surface occurring at high temperatures.

4 Simulations of loading/unloading triaxial tests with261

temperature variations262

The results of simulations of triaxial tests involving cyclic quasi-static loadings with tem-263

perature variations are presented in this Section. The results were obtained using the two264

sets of constitutive parameters provided in the Table 1. The calibration of the constitutive265

parameters given in Table 1 can be obtained from standard laboratory tests, measuring266

the dynamic elasticity moduli, the thermal expansion coefficient and the heat capacity at267

different temperature (at atmospheric pressure), and performing unconfined compression268

tests at various temperatures. The calibration of the temperature-dependent constitutive269

parameters employed in the present study and reported in Table 1 was obtained from the270

experimental data available from [9] and [28]. The simulations were obtained through271

integration of the constitutive equations in rate form via a fully-implicit backward Euler272

method at prescribed incremental strain, by enforcing a traction controlled boundary con-273

dition. The initial temperature is assumed equal to To = 290o K. An extreme variation of274

parameters was used to highlight peculiarities of the model behaviour. In particular, the275

effects of a thermal loading-unloading cycle were simulated assuming an elastic stiffness276

typical of dynamic measurements (and therefore high), whereas isotropic compression277

tests and triaxial compression tests were simulated assuming an elastic stiffness typical278

of static tests, and therefore low, so that it was taken to be 1/10 of the dynamic stiffness.279
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4.1 Simulation of an isotropic compression loading-unloading280

test performed at room temperature281

Fig. 3 (upper part) shows the simulations of an isotropic compression loading-unloading282

test. The initial size of the yield stress is defined by the initial values pc = 30 MPa and283

R = 1. The initial isotropic stress is equal to −10 MPa. As a result, elasto-plastic loading284

occurs between −30 and −40 MPa, as can be deduced from the change of slope in Fig.285

3 (upper part) and from the irreversible strains upon unloading. Although not clearly286

appreciable in Fig. 3 (upper part), the loading and the unloading curves have a different287

slope. The variation of elastic stiffness is reported in Fig. 3 (lower part), as a function of288

the volumetric strain. It can be noted that the mechanically-driven plastic compaction289

induces, through elasto-plastic coupling, a relevant increase in elastic stiffness (from 21.8290

to 25.5 GPa).291

4.2 Simulation of a thermal cycle performed at a constant isotropic292

pressure293

Figure 4 (upper part) shows the softening/hardening induced by a thermal cycle applied294

to a sample subject to a constant isotropic stress state equal to −40 MPa. The initial295

size of the yield stress is defined by pc = 45 MPa and R = 1, so that the stress state296

initially lies inside the yield locus and the material displays an elastic behaviour.297

Due to thermal softening (described by the thermal reduction factor R(T )), the yield298

surface shrinks up to the point A (Fig. 4, upper part), where the stress state touches299

the yield surface. Then, from point A onward, any further increase in temperature leads300

to a plastic compaction which is necessary to counterbalance the thermal softening with301

plastic hardening. Therefore, plastic strains occur between points A and B, as can also302

be observed in Fig. 5, where the volumetric strain produced during a thermal cycle is303

reported as a function of the applied temperature.304

Subsequently, starting from B the temperature is decreased, so that thermal harden-305

ing occurs (associated to R(T )) and the stress state returns inside the yield surface, so that306

the response becomes elastic. Due to the plastic compaction induced by the thermal cycle307

(Fig. 5), at the end of the cycle at room temperature, an irreversible volumetric com-308

pression (of about 0.5 %) has been generated, which is associated with a non-negligible309

increase of elastic stiffness (from 220 GPa to 230 GPa), through elasto-plastic coupling310

(Fig. 4, central part), and with a variation of heat capacities (Fig. 4, lower part, where311

the heat capacity at constant stress, cp, is obtained taking the second derivative of the312

complementary potential of ψ with respect to the temperature).313
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Figure 3: Simulation of an isotropic compression loading-unloading test at room temperature: mean
stress versus volumetric strain (upper part) and variation of elastic modulus induced by plastic strain
(lower part).
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stress (lower part).
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Figure 5: Simulated volumetric strain induced by a thermal cycle, at constant isotropic stress −40
MPa, versus temperature.

4.3 Simulation of a triaxial compression test with two unloading-314

reloading cycles at room temperature315

In addition to the previously shown variation of the elastic stiffness associated with316

plastic compaction or swelling, the proposed thermo-elasto-plastic coupling constitutive317

framework also describes the degradation of elastic stiffness induced by deviatoric plastic318

strains, which are fundamental for the modelling of shear damage. This effect is quantified319

using the simulation of a triaxial compression test, performed on a cylindrical sample320

initially exposed to an isotropic stress equal to −1 MPa and later subject to increasing321

axial strain at constant radial stress. The initial size of the yield locus is defined by322

the values pc = 30 MPa and R = 1. Fig. 6 shows the simulated axial stress (upper323

part) and volumetric strain (lower part) responses versus axial strain. After a peak324

strength is reached at a very small axial strain, the sample undergoes (homogeneous)325

softening and volumetric dilatancy. Note that strain localization is not considered in326

the results shown in Fig. 6. For a rigorous calculation with a full account of strain327

localization in a laboratory sample, the interested reader is addressed to Gajo and Bigoni328

[14]. Correspondingly, due to both the plastic deviatoric strain and the plastic volumetric329

dilatancy, a degradation of elastic stiffness occurs as a consequence of the elastoplastic330

coupling, which induces a marked decrease of elastic stiffness as can be observed from331

the elastic unload-reload cycles performed at different phases of shearing.332
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Figure 6: Simulation of a triaxial compression test at room temperature, involving two unloading-
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strain (lower part). Note that unloadings are reported evidencing elastoplastic coupling
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5 Conclusions333

Thermo-elasto-plastic coupling is a constitutive framework in which temperature influ-334

ences both plastic flow and elastic stiffness of the material, but, independently of temper-335

ature, the former also influences the latter. For materials such as refractories, concrete,336

and rocks, this ‘cross coupling’ between temperature, plastic flow and elasticity is related337

to the fact that plastic flow is a macroscopic effect generated by the development of the338

collective response of a series of microdamage sources (pore collapse, sliding between339

grains, for instance), so that it influences the elastic response (which is sensitive to the340

amount of microdamage). Although temperature may accelerate microdamage it may341

also produce a self-healing effect through the melting of some constituents.342

Thermo-elasto-plastic coupling has been derived with two procedures, one involving343

isothermal and the other involving adiabatic elastic moduli. The influence of temperature344

and plastic flow on the elastic stiffness has been clearly separated and commented. A345

final example of the application to sintered alumina has shown the capabilities of this346

model to describe the behaviour of refractories at high temperature or of sintering of347

ceramic powders.348
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Constitutive parameter high stiffness low stiffness
elastic stiffness aK [GPa] 73 7.3

bK [GPa/oK] 1× 10−4 1× 10−5

cK [GPa] 18 1.8
dK 0.50

TK [oK] 1900
v 0.1

thermal exp. coeff. aA 2× 10−6

bA 5.5× 10−6

TA [oK] 250
eA 0.3

specific heat aC [J/m3 ] 2.6× 106

bC [J/m3 ] 8.8× 105

TC [oK] 250
eC 0.3

elasto-plastic coupling a1 16 40
a2 8 20

yield surface Mcv 1.07
k 0

hardening functions ã1 0.5
ã2 0.05

Λ1 [GPa] 0.96× 10−3

Λ2 [GPa] 0.41× 10−1

aR 0.83
bR [1/oK] 1× 10−4

cR 0.50
TR [oK] 1900

Table 1: Constitutive parameters for sintered alumina:calibration obtained from avaliable
data [9] and [28]

22




