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Abstract

Failure modes of silicon nitride cylinders have been investigated under uniaxial compression at 1200 �C in air.

Samples with different aspect ratios (h=d ¼ 5=2, 4/2, 2/2, and 1/2 mm/mm) have been tested. In all cases, the stress/strain

curves evidence an initial linear portion followed by a peak and a slight softening, denoting a plastic behaviour. Surface

exfoliation is the dominant failure mode, although traces of localized patterns of deformations––which initiated and

propagated macrocracks––can be found in some samples. A bifurcation analysis has been carried out in order to de-

scribe the onset of the specific failure mode. The first failure mode predicted by this approach is an antisymmetric mode,

while symmetric modes almost immediately follow. However, antisymmetric modes may be partially hampered by

friction at the specimen/cushion contact, while symmetric modes could be triggered by residual stress. Therefore, an

interpretation of the observed failure mode is that the exfoliation mechanism may result as an evolution of a first

antisymmetric mode into a symmetric one and that localized deformations follow to produce final macrocracks

growth.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Advanced ceramics are known to be good

candidates as materials for high temperature
structural applications (Davidge and van de

Vorde, 1990; Ichinose, 1987; Larsen et al., 1985;

Meetham, 1991; Raj, 1993). Unfortunately, the
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broad use of ceramic components is restricted by

intrinsic limits, like the low fracture toughness,

and by a poor knowledge of the mechanical be-

haviour under the particular conditions in which
the material will operate. Being brittle materials,

advanced ceramics are mainly tested in tension, as

this is considered the most harmful stress condi-

tion. However, this does not mean that failure

cannot occur when compression loads are in-

volved. From a scientific point of view, failure in

compression is an intriguing mechanism, much less

investigated than fracture in tension (Ashby and
Hallam, 1986; Bazant and Xiang, 1997; Blechman,
ed.

mail to: mgei@ing.unitn.it


Table 1

Microstructural and mechanical properties of the tested silicon

nitride at room temperature

Density (g/cm3) 3.28

Mean grain size (lm) 0.8

b-grain aspect ratio �7

Thermal expansion coefficient

(10�6 �C�1)

3.25

Hardness (GPa) 20.7� 0.9

Young modulus (GPa) 301

Toughness (MPa
ffiffiffiffi
m

p
) 4.8� 0.15

Flexural strength (MPa) RT 895� 35

1000 �C 603� 39

1300 �C 281� 22
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1997; Dyskin et al., 1999; Germanovich and Dy-

skin, 2000; Horii and Nemat-Nasser, 1985; Sam-

mis and Ashby, 1986).

Our interest here is the behaviour of ceramic

materials at high temperature and subject to com-

pressive uniaxial stresses. For the specific ceramic
under investigation, sintering aids have been used

to obtain a fully dense material. These remain as

intergranular vitreous phase in the final micro-

structure of the material. Being less refractory than

the ceramic itself, at high temperature this phase

becomes viscous promoting viscous flow and grain

sliding when stress is applied (Chan and Page,

1993; Lueke et al., 1995; Tsai and Raj, 1982; Wil-
kinson and Chadwick, 1991). Moreover, due to the

high hydrostatic pressure which sets up at the triple

grain boundary junctions, cavitation takes place at

the intergranular glassy phase, even in compression

(Crampon et al., 1997; Lange et al., 1980). At high

temperature, when the above-mentioned relaxing

mechanisms come into play, both the tensile and

the compressive strengths of the material drop. The
ratio of the tensile to the compressive strength,

which at room temperature is about 1/10 (Atkins

and Mai, 1988), increases with temperature and

our experiments indicate that the ratio becomes

approximately 1/4 at 1200 �C.

A few works on short-term tensile tests ap-

peared in the literature on advanced ceramics at

high temperature (Lin et al., 1993; Ohji and Ya-
mauchi, 1994; Ohji et al., 1990; Testu et al., 2001),

while little or nothing can be found about short-

term compression tests. This study represents an

initial contribution in this almost unexplored field.

In particular, we observe peculiar modes of failure

of our tested cylindrical specimen and we propose

an interpretation in terms of bifurcation theory, in

which initiation of failure is explained by the oc-
currence of a surface bifurcation mode.
2. Experimental

The selected material was prepared by me-

chanically mixing an a-Si3N4 powder (S-Stark LC

12 SX, H. C. Stark, New York, NY) with 8 wt.%
Y2O3 and 3 wt.% Al2O3 as sintering aids. The

mixture was uniaxially hot-pressed in a graphite
crucible under a pressure of 30 MPa at 1810 �C.

X-ray diffractometry of the as-sintered material
revealed that the main phases were b-Si3N4 with

�10% residual a-Si3N4. Some relevant micro-

structural and mechanical properties are sum-

marised in Table 1 (measured at room temperature

unless otherwise indicated). Further information

can be found in Biasini et al. (1992).

From the pellet (45 mm in diameter and 15 mm

height), cylinders with a diameter of 2 mm were
obtained by machining with their axis parallel to

the hot-pressing direction. Samples with different

heights were prepared: 1, 2, 4 and 5 mm, respec-

tively. The tests were conducted in air at 1200 �C
using an Instron machine mod. 6025 (Instron Ltd.,

High Wycombe, UK). To avoid excessive friction

at the interface, two larger Si3N4 cylinders (6 mm

in diameter and 3 mm in height) machined from
the same billet of the samples were inserted be-

tween the sample and the alumina pushrods. All

the tests were conducted at a nominal strain rate of

5� 10�5 s�1. The strain rate was calculated from

the specimen height and the crosshead displace-

ment rate. The heating rate was 10 �C/min and,

before loading, the sample was allowed to soak for

18 min to insure thermal equilibrium. Most of the
tests were stopped after a load drop of about 3–4%

of the peak load. The load was removed before the

cooling down. Two out of nine samples broke just

after the test stop. To observe the full evolution of

damage, one thick sample, 1 mm height, was de-

formed up to 0.12. The sample failure patterns

were observed by optical (Leitz DMRME, Leica,
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Wetzlar, Germany) and scanning electron micro-

scope (Cambridge Instruments, Cambridge, UK).
3. Results and discussion

Values of the peak loads for the investigated

specimens are reported in Fig. 1, with reference to

the sample height. The peak load shows a slight

tendency to lower when the height of the sample is

increased, Fig. 1.

This slenderness effect will be later explained in

terms of bifurcation theory and has been also

documented for concrete (Hudson et al., 1971).
Including all the values reported in Fig. 1, the peak

load averages 4509 N with a standard deviation of

303 N. Referring to the flexural strength data re-

ported in Table 1, the ratio of tensile to compres-

sive strength can be estimated to be about 1/4.

A standard procedure may be applied to the

load–displacement curves in order to evaluate the

effective strain of the sample. The system compli-
ance can be estimated according to the following

relationship:

CT ¼ h
ES

þ Cs; ð1Þ

where CT is the total compliance, h the initial height

of the sample, E the Young modulus, S the cross-
section of the sample andCs the system compliance.

Using at least three samples with different heights,
Fig. 1. Compression peak loads vs. sample height (h) for Si3N4

cylinders tested at 1200 �C in air.
it is possible to evaluate, by a linear regression

analysis, the Young modulus of the material and

the system compliance. Subtracting the system

compliance from the measured total compliance,

the true load–displacement curve of the sample
(and whence the nominal stress-deformation be-

haviour) is obtained. The stress–strain curves cal-

culated in this way are reported in Fig. 2 (six curves

are split into Fig. 2(a) and (b) to facilitate reading).

The regression analysis gives a Young modulus

value of about 105 GPa for 1200 �C.

The general shape of the stress–strain curves

does not indicate any significant difference among
samples with different height (this is also consistent

with results presented by Hudson et al., 1971, for

concrete, where the strong difference in the stress/

strain curves is observed in the post-peak behav-

iour, while our experiments––except one––have

been interrupted just after the peak).

SEM micrographs of the samples are reported

in Figs. 3–6, for different aspect ratios. Figs. 3 and
4 pertain to aspect ratios 2/2 and 1/2, respectively.

In both cases a surface exfoliation is evident. The

exfoliation layer was quantified to be about 30–35

lm, Fig. 3. Internal cracks can also be observed,

Fig. 4. Surface exfoliation is also very clear from

Fig. 5 (aspect ratio 4/2). However, this sample was

longitudinally sectioned and cracks almost parallel
Fig. 2. Compression nominal stress (s)–strain (e) curves for

Si3N4 cylinders tested at 1200 �C in air; h=d is the aspect ratio.

(a) Data for h=d ¼ 1=2, 2/2 and (b) data for h=d ¼ 4=2, 5/2.



Fig. 3. SEM micrograph of a sample 2 mm height after test.

Top view. The arrows indicate the exfoliation layer.

Fig. 4. SEM micrograph of a sample 1 mm height after test.

Fig. 5. SEM micrograph of a sample 4 mm height after test.

Fig. 6. SEM micrograph of a sample 1 mm height deformed up

to 0.12. Top view.
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to the loading direction were observed. These may

be interpreted as a localized axial-splitting failure

mode. The thick sample (aspect ratio 1/2), Figs. 6

and 7, shows once more the surface exfoliation

failure mode. Interestingly, this exfoliation is, in

this case, a progressive mechanism: at least four
exfoliation layers can be detected in Fig. 7 (which

gives details of Fig. 6), with almost equal thickness

of about 70 lm.

Summarizing, axially-symmetric surface exfoli-

ation is the dominant failure mechanism. This is a

mechanism sometimes occurring in rock mechan-

ics (see Fig. 1.2.6 in Vardoulakis and Sulem, 1995)

and also found in axial compression of concrete
Fig. 7. Detail of micrograph 6. Note the successive exfoliations

(indicated through arrows) formed during the test.



1 For fixed top of the testing machine, we think that strain

localization should occur along the two weaker planes, inevi-

tably present in any real specimen. Therefore, we believe that

the localization observed in the sand specimens should have

occurred after an axisymmetric bifurcation mode has occurred.
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(Hudson et al., 1971). The observed failure can be

interpreted from a number of perspectives. It can

be related to the effect of friction at the specimen/

cushion contact, but in our case the test set up was

specifically arranged to minimize this effect. An-

other possibility is to explain failure as an axial
splitting phenomenon occurring as consequence of

a branching of an inclined crack into a vertical

fracture, the so-called ‘‘wing-crack growth’’ (Horii

and Nemat-Nasser, 1985). This explanation ap-

pears rather weak in our case due to different rea-

sons. First, the crack branching mechanism would

generate vertical, nearly-planar cracks (possibly

arranged in a macroscopic inclined band; see, for
instance, experiments on fresh-water, granular ice,

Schulson, 1990), instead of the observed axisym-

metric modes. Second, that mechanism is typical

of brittle materials, but a ductility is evident in

our case, so that behaviour of our material can be

classified as ‘‘quasi-brittle’’. Third, the presence

of microcracks or defects in the material before

the test initiation cannot be a priori excluded in
our case, but is very unlikely. Fourth, crack wing

growth seems to be a limited phenomenon in three

dimensions (see the experimental results on PMMA,

Dyskin et al., 1999; Germanovich and Dyskin,

2000).

Alternatively, initiation of failure of our sam-

ples can be interpreted as the analogue for, say, a

quasi-brittle material of the surface effects ob-
servable in metal specimens (Rittel, 1990; Rittel

et al., 1991). From this point of view, it may be

interpreted as a bifurcation phenomenon: the ho-

mogeneous deformation pattern corresponding to

the cylindrical shape may cease to be unique and

bifurcate into an inhomogeneous pattern with

surface undulations, which decay rapidly away

from free surface. The problem of bifurcation of a
cylindrical specimen subject to uniaxial compres-

sion was analyzed by Chau (1992) for rock-like

materials and by Bigoni and Gei (2001) for metals.

An analysis of these results reveals that the surface

mode corresponds usually to bifurcation loads

higher than those corresponding to barrelling or

antisymmetric modes. Therefore, the explanation

of the experimental results needs often to resort to
some peculiar physical mechanisms. In rock me-

chanics, the presence of cracks parallel to the free
surface is often invoked for bifurcation to occur

(Vardoulakis and Sulem, 1995). For the analyzed

material, such type of cracks are first unlikely and,

second, they would not produce failure in a axi-

symmetric fracture mode. On the other hand, due

to the fabrication process, a thin layer of material
subject to residual stress may exist close to the free

surface due to machining. This layer, often de-

tected in ceramic materials (Samuel et al., 1989),

could give rise to a surface bifurcation mode oc-

curring before other modes, a situation that can be

analyzed in our case using models developed by

Bigoni and Gei (2001) and Bigoni et al. (1997). A

few, approximate calculations––not reported here
for brevity––show however that the residual stress

should not play an important role here, except,

perhaps, as an imperfection promoting a surface

bifurcation mode.

In closure of the present discussion, it may be

worth noting that the failure modes observed in

our specimens share some similarities with modes

relative to the triaxial compression of sand speci-
mens (Desrues et al., 1996). In those specimens,

failure has been attributed to a localization of

deformation organized in a conical geometry. Al-

though we do not completely agree with that

conclusion, 1 strain localization in the sense of

Rice (1977) still remains a possibility of explaining

our experimental results. To clarify this and the

related issue of diffuse bifurcation modes––re-
maining the most likely explanation for the ob-

served surface exfoliation––we present in the next

section explicit calculations of diffuse and localized

bifurcations for an elastic model describing the

main features of our experimental results.
4. Bifurcation analysis

Testing of materials at high temperature poses

such difficulties that a constitutive framework
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should be necessarily built on few experimental

data. Therefore, we propose a simple, hyperelastic

model taken from the framework of J2-deforma-

tion theory of plasticity (Hutchinson and Tver-

gaard, 1980; Neale, 1981), to describe our uniaxial

experiments. The model is tailored on our experi-
mental results to describe a smooth transition

from hardening to softening behaviour in uniaxial

compression. Being the description restricted to

uniaxial compression we formulate, for simplicity,

a model where the behaviour in tension is equal to

the behaviour in compression. As a consequence,

the model is defined by three material parameters

only.
Loss of uniqueness in the incremental response

of an incompressible, elastic cylinder subject to

uniaxial compression is examined. A bifurcation

point is detected when, at a certain stage of the

primary path of equilibrium, an inhomogeneous

field (called bifurcation mode) is found to satisfy

the incremental equilibrium equations (in addition

to the trivial homogeneous response).
Here, we briefly summarize the equations and

the methodology of the bifurcation analysis, re-

ferring the interested reader to Bigoni and Gei

(2001) for further details.

Let us consider an incompressible cylinder of

radius R and height h in the undeformed, natural

configuration (C), whose points are labelled by x,
subject to a homogeneous, axisymmetric defor-
mation u. The current configuration C ¼ uðCÞ,
whose points are denoted by �xx, is described by a

cylindrical coordinates system ðr; h; zÞ, with z co-

incident with the axis of the cylinder and origin at

its lower base. Let fer; eh; ezg be an orthonormal

basis associated with the system just introduced.

We adopt the logarithmic strain tensor, e, as a

measure of the strain induced by u. In an axi-
symmetric deformation, the incompressibility

constraint, detrCu ¼ 1, allows to express e as

e ¼ �e=2ðer 
 er þ eh 
 ehÞ þ eez 
 ez; ð2Þ

(where e < 0 in compression) so that the current

radius, �rr, and height, �hh, are given by

�rr ¼ expð�e=2ÞR and �hh ¼ expðeÞh; ð3Þ
respectively. In the context of small deformations,

e reduces to the axial principal strain. The lateral
surface of the cylinder is traction-free and a uni-

axial stress is assumed directed along its axis.

In the hyperelastic, finite strain generalization

of the J2-deformation theory the state of the body

is fully specified once a strain-energy function is
given in terms of effective strain, ee, defined as

(Hutchinson and Tvergaard, 1980; Neale, 1981)

ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2edev � edev=3

p
; ð4Þ

where ð�Þdev denotes the deviatoric part of the

quantity concerned. In the present situation, the

form (2) of e leads to

ee ¼ jej: ð5Þ
The following expression for the strain energy

W ðeeÞ is particularly suited to fit the experimental

stress–strain curves reported in Fig. 2,

W ¼ Kce0
1

cþ 1
exp

��
� ee

e0

�
� 1

�
exp

�
� ee
ce0

�
;

ð6Þ
with K ¼ 1680 MPa, c ¼ 42, and e0 ¼ 0:0045. In-
deed, for non-linear, incompressible, isotropic

materials undergoing an axisymmetric deforma-

tion, the true stress r aligned along z can be simply

derived from the relationship

r � rr ¼
oW
oe

¼ dW
dee

e
ee
; ð7Þ

where the lateral stress rr vanishes in our case.

Therefore, we obtain from (6)

r ¼ K
ee

e 1

�
� exp

�
� ee

e0

��
exp

�
� ee
ce0

�
; ð8Þ

or, in terms of nominal stress s,

s ¼ r
expðeÞ

¼ K
ee

e 1

�
� exp

�
� ee

e0

��
exp

�
� ee
ce0

� e

�
: ð9Þ

The feature of the formulation based on the ef-

fective strain ee is that for uniaxial stress, the be-

haviour in compression turns out to be identical to

that in tension, a circumstance not fully consistent
with our experimental observations, but yielding a

substantial simplification in the model.

Consider now an incremental displacement

field uð�xxÞ ¼ _�xx�xx superimposed upon the current
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deformation. In an updated Lagrangian formula-

tion and in absence of body forces, the incremental

equilibrium equations may be expressed in terms

of increment in the first Piola–Kirchhoff stress

tensor, _SS, as

div _SS ¼ 0: ð10Þ

The incremental boundary-value problem is com-

pleted by the following boundary conditions:

• null tractions at the lateral surface,

_SSrr ¼ _SShr ¼ _SSzr ¼ 0 at r ¼ �rr; ð11Þ
• perfectly smooth contact with a rigid, flat con-

straint on the faces z ¼ 0 and �hh,

_SShz ¼ _SSrz ¼ uz ¼ 0 at z ¼ 0; �hh: ð12Þ

The constitutive equations are taken to be lin-

ear relationships between _SS and L ¼ gradu and are

expressed, in the specific axisymmetric geometry,
in terms of three incremental moduli, li

(i ¼ 1; 2; 3) (Bigoni and Gei, 2001). In cylindrical

components, these are

_SSrr ¼ _pp þ 2l2Lrr þ 2ðl1 � l2ÞLhh;

_SShh ¼ _pp þ 2l2Lhh þ 2ðl1 � l2ÞLrr;

_SSzz ¼ _pp þ ð2l1 � rÞLzz;

_SSrh ¼ _SShr ¼ ð2l2 � l1ÞðLrh þ LhrÞ;

_SSrz ¼ l3

�
þ r

2

�
Lrz þ l3

�
� r

2

�
Lzr;

_SSzr ¼ l3

�
� r

2

�
Lrz þ l3

�
� r

2

�
Lzr;

_SShz ¼ l3

�
þ r

2

�
Lhz þ l3

�
� r

2

�
Lzh;

_SSzh ¼ l3

�
� r

2

�
Lhz þ l3

�
� r

2

�
Lzh;

ð13Þ

where _pp is the Lagrange multiplier associated with

the incompressibility constraint.

The incremental moduli are functions of the

pre-stress, or pre-strain, which affects the incre-

mental response of the solid. In the framework
of the hyperelastic, finite-strain generalization of

the J2-deformation theory (Hutchinson and Tver-

gaard, 1980; Neale, 1981), they can be expressed in

terms of W ðeeÞ and of the logarithmic strain, e, as
l1 ¼
1

3
W 00; l2 ¼

1

6
W 00

�
þ W 0

ee

�
;

l3 ¼
1

2

W 0

ee
e coth

3

2
e

� �
; ð14Þ

where a prime denotes differentiation with respect

to ee.
In order to simplify the formulation, we note

that, exploiting the condition of incompressibility

of the incremental deformation, namely

trL ¼ ur;r þ ður þ uh;hÞ=r þ uz;z ¼ 0; ð15Þ
the components of u can be written in terms of two

displacement potentials, X ¼ Xðr; h; zÞ and W ¼
Wðr; h; zÞ, as
ur ¼ X;rz þ W;h=r; uh ¼ X;hz=r � W;r;

uz ¼ �MðXÞ; ð16Þ

where Mð�Þ ¼ ð�Þ;rr þ ð�Þ;r=r þ ð�Þ;hh=r
2 is the two-

dimensional Laplacian operator in polar coordi-

nates.

Bifurcations are sought in the separate variables
form

Xðr; h; zÞ ¼ xðrÞ cos nh sin gz;
Wðr; h; zÞ ¼ wðrÞ sin nh cos gz;
_ppðr; h; zÞ ¼ qðrÞ cos nh cos gz;

8<
: ð17Þ

where g ¼ kp=�hh (k ¼ 1; 2; . . .) and n (n ¼ 0; 1; 2; . . .Þ
are, respectively, the longitudinal and the circum-

ferential wave numbers. The definition of g assures

that boundary conditions (12) are satisfied.

Substitution of Eq. (17) into Eqs. (16), (13), and

(10) yields two ordinary differential equations for
xðrÞ and wðrÞ and an expression for qðrÞ. The first

two equations are

ðLn � q2
3g

2Þw ¼ 0;

ðLn þ q2
1g

2ÞðLn þ q2
2g

2Þx ¼ 0;

�
ð18Þ

where Lnð�Þ ¼ d2ð�Þ=dr2 þ dð�Þ=dr=r � n2ð�Þ=r2 is

the Bessel operator, q2
i (i ¼ 1; 2) are the solutions

of the characteristic equation

ðl3 � r=2Þq4 þ 2ðl1 þ l2 � l3Þq2 þ ðl3 þ r=2Þ ¼ 0

ð19Þ

and

q2
3 ¼ ðl3 þ r=2Þ=ð2l2 � l1Þ: ð20Þ



Fig. 8. True (Eq. (8)) and nominal (Eq. (9)) stress vs. loga-

rithmic strain curves (the former is dashed), with superimposed

critical points for bifurcation. S denotes surface instability that

occurs at jesij ¼ 0:0325. Characteristics of modes A through U

are reported in Table 2.
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The solutions for xðrÞ, wðrÞ and qðrÞ are

xðrÞ ¼ a1Jnðq1grÞ þ a2Jnðq2grÞ;
wðrÞ ¼ bInðq3grÞ;
qðrÞ ¼ ð2l1 � l3 � r=2ÞgLnðxÞ

�ðl3 � r=2ÞL2
nðxÞ=g;

8>>><
>>>:

ð21Þ

where ai (i ¼ 1; 2) and b are arbitrary constants,

JnðxÞ and InðxÞ are––respectively––the ordinary

and the modified Bessel functions of order n.
It is worth noting that the nature of roots �q1

and �q2 of Eq. (19) defines the classification of

regimes: complex conjugate �q1 and �q2 in the

elliptic complex regime (EC); pure imaginary �q1

and �q2 in the elliptic imaginary regime (EI); real

�q1 and �q2 in the hyperbolic regime (H); two

real and two pure imaginary �q1 and �q2 in the

parabolic regime (P). It should be noted that fail-
ure of ellipticity corresponds to localization of

deformation. Therefore, the investigation of bi-

furcation is restricted to the elliptic range, where

l3 þ r=2 > 0, 2l2 � l1 > 0, so that the coefficient

q2
3, Eq. (20), is always positive either in (EI) or in

(EC) regimes.

Eqs. (16)–(21) fully specify the displacement

field and, through Eq. (13), the incremental stress
state. The imposition of the boundary conditions

on the lateral surface, Eq. (11), provides a homo-

geneous algebraic system for the constants ai
(i ¼ 1; 2) and b. Non-trivial solution are obtained

if the determinant of the associated matrix van-

ishes (bifurcation condition). Once the current geo-

metry and state is known, the bifurcation mode

has to be selected in terms of the circumferential
wave number n and of the dimensionless parame-

ter g�rr, so that the bifurcation condition determines

the critical logarithmic strain ebif .

4.1. Results

Bifurcation points and modes for samples with

aspect ratios 1/2, 2/2, 4/2 and 5/2 have been com-
puted and reported in Figs. 8 and 9. The bifurca-

tion points are marked in Fig. 8 on the uniaxial

stress vs. logarithmic strain curves with vertical

segments, since they correspond to two different

values of Cauchy (or true) and nominal stresses,

but to the same value of strain.
In the present problem, localization of defor-

mation occurs when the (EC)/(H) boundary is



Fig. 9. Sketch of bifurcation modes reported in Fig. 8. Num-

bers refer to the circumferential wave number n.
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touched, i.e. at jelocj ¼ 0:0624, as can be calculated

from Eq. (19). The point corresponding to strain

localization is reported in the first plot of Fig. 8,

where it can be clearly appreciated that localization
always occurs in the strain softening regime.

The critical, i.e. occurring at lowest strain, bi-

furcation point for each of the four aspect ratios

considered are reported in the first plot of Fig. 8.

All the four critical bifurcations correspond to an

antisymmetric mode, characterized by n ¼ 1. Note

that the critical bifurcation occurs

• when the material is still in the hardening re-

gime, for the aspect ratios h=d ¼ 4=2 and 5/2,
Table 2

Bifurcation mode parameters of Fig. 8

Mode n g�rr jebif j M

A 1 p=5 0.0127 K

B 1 p=4 0.0141 L

C 1 2p=5 0.0167 M

D 0 p=4 0.0178 N

E 0 p=5 0.0178 O

F 0 2p=5 0.0179 P

G 1 p=2 0.0179 Q

H 0 p=2 0.0182 R

I 0 3p=5 0.0187 T

J 1 3p=5 0.0190 U
• at around the peak of stress/strain curve, for the

aspect ratio h=d ¼ 2=2,
• during softening, for the aspect ratio h=d ¼ 1=2.

For aspect ratios higher than 4/2, which would
limit possible end-effects, Euler buckling causes

premature failure of the specimen, yielding a pro-

nounced size effect.

Bifurcation modes with n 6¼ 1 become available

at strains slightly higher than the critical, specially

for thick samples. In order to present a complete

picture of the bifurcation landscape, the first six

modes for every aspect ratio are indicated in Fig. 8
and the relative parameters listed in Table 2. The

bifurcation modes are sketched in Fig. 9, where

capital letters refer to the classification introduced

in Table 2 and numbers denote the values of the

circumferential wave number n.
For h=d ¼ 1=2 (second plot in Fig. 8), the mode

P, following the mode M, is a surface-type mode

with double longitudinal wave number––corre-
sponding to half wavelength––and n ¼ 4. More-

over, the mode H (axisymmetric) is almost

coincident with the mode G (antisymmetric) for

the aspect ratio 2/2 (third plot in Fig. 8).

After the sixth mode is attained, infinite bifur-

cation modes follow one upon other and become

closer and closer towards the accumulation point

S, representing the surface instability threshold
(jesij ¼ 0:0325). Continuing along the uniaxial

curve, strain localization occurs as a final insta-

bility.

From the reported results it can be clearly un-

derstood that strain localization will never occur in
ode n g�rr jebif j
1 3p=4 0.0207

0 3p=4 0.0208

1 p 0.0243

2 3p=2 0.0264

3 3p=2 0.0268

4 2p 0.0270

2 p 0.0273

3 2p 0.0283

6 3p 0.0284

8 4p 0.0297
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a homogeneously deformed specimen, but will take

place on a bifurcated deformation path. 2

We observe that the surface mode S corre-

sponds to an ‘‘orange-peel’’ pattern where both n
and g�rr diverge. Something similar was found, for a

simpler uniaxial stress–strain law than (8), in
Bigoni and Gei (2001) for uniaxial tension, but not

for compression.

In terms of total compression loads, the nomi-

nal peak load calculated from the constitutive law

(9) is equal to 4797 N. For h=d ¼ 4=2 and 5/2 bi-

furcation occurs for a load of about 4751 and 4700

N, respectively, indicating the presence of the

slenderness effect noticed in the experimental re-
sults (Fig. 1). This effect, that is a consequence of

loss of uniqueness in the hardening branch, may be

observed in specimens having h=d > 1.
3 The exfoliation process implies formation of new bound-
5. Conclusions

Experimental results have been presented, rel-
ative to uniaxial compression at 1200 �C in air of

silicon nitride cylinders. Results pertain to differ-

ent height/diameter ratios. In the experiments, this

parameter had only a limited influence on the

overall features of the stress–strain curve (which in

the present case were interrupted just after the

peak) and of the failure modes. For all investigated

height/diameter ratios, failure was initiated by
surface exfoliation followed by the formation and

growth of macrocracks. Three possible interpre-

tations of this behaviour seem to cover all possi-

bilities. These are:

1. Effects related to specimen/cushion friction;

2. Effects related to the presence of microcracks;

3. Effects related to a bifurcation mechanism
emerging during deformation.

The first possibility should be minimized with

the assumed experimental setup and microcracks

can also be excluded, so that the second possibility
2 Therefore a calculation of strain localization performed

assuming homogeneity may retain some validity only when the

bifurcated path followed by the specimen does not involve high

strain inhomogeneities.
is also ruled out. Only the last possibility appears

relevant to our situation.

In order to investigate the third of the above

possibilities, we have proposed an elastic, in-

compressible model describing our uniaxial ex-

periments and we have performed a complete
bifurcation analysis. Results obtained this way may

only provide information on the onset of failure,

rather than on the development of the exfoliation

process. 3 In particular, results show that:

• the first bifurcation mode occurs around the

peak of the uniaxial stress/strain curve, in agree-

ment with the observed failure. The fact that bi-
furcation occurs before for slender than for

thick specimens explains the observed slight de-

crease in the peak load, as related to the in-

crease of the slenderness of the specimen;

• the first possible bifurcation mode is always an-

tisymmetric for all considered geometries;

• the surface modes follow after diffuse mode, but

occur ‘‘not far’’ from the first mode;
• localized modes always follow after surface

modes.

Following the bifurcation approach, it can be

concluded that the observed failure starts at

around the peak of the stress–strain curve as an

antisymmetric mode 4 and soon degenerates dur-

ing postcritical behaviour to a surface mode,
leading to final failure, with possible strain local-

ization. We believe therefore that bifurcation the-

ory yields a consistent description of the onset of

the observed failure modes.
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aries and is therefore a dissipative phenomenon, which cannot

be captured within the framework of the present elastic model.
4 Antisymmetric modes might be at least partially impeded

by friction at the specimen/cushion contact, while symmetric

surface modes could be promoted by residual stress existing

near the external surface.
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