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Abstract

A new continuous model of shearable rod, subject to large elastic deformation, is derived from nonlinear
homogenization of a one-dimensional periodic microstructured chain. As particular cases, the governing
equations reduce to the Euler elastica and to the shearable elastica known as ‘Engesser’, that has been
scarcely analysed so far. The microstructure that is homogenized is made up of elastic hinges and four-
bar linkages, which may be realized in practice using origami joints. The equivalent continuous rod
is governed by a Differential-Algebraic system of nonlinear Equations (DAE), containing an internal
length ratio, and showing a surprisingly rich mechanical landscape, which involves a twin sequence of
bifurcation loads, separated by a ‘transition’ mode. The latter occurs, for simply supported and cantilever
rods in a ‘bookshelf-like’ mode and in a mode involving faulting (formation of a step in displacement),
respectively. The postcritical response of the simply supported rod exhibits the emergence of folding, an
infinite curvature occurring at a point of the rod axis, developing into a curvature jump at increasing
load. Faulting and folding, excluded for both Euler and Reissner models and so far unknown in the
rod theory, represent ‘signatures’ revealing the origami design of the microstructure. These two features
are shown to be associated with bifurcations and, in particular folding, with a secondary bifurcation of
the corresponding discrete chain when the number of elements is odd. Beside the intrinsic theoretical
relevance to the field of structural mechanics, our results can be applied to various technological contexts
involving highly compliant mechanisms, such as the achievement of objective trajectories with soft robot
arms through folding and localized displacement of origami-inspired or multi-material mechanisms.

1 Introduction

The implementation of shear compliance into an elastic rod model is an old mechanical problem, rooted in
the early works of Rankine [32], Bresse [8], and Ehrenfest (following Elishakoff [10, 15]), and Timoshenko
[37]). Though standard in the linear beam theory, the effect of shear becomes controversial when large
deformation is involved, so that different approaches lead to different results and end up affecting even the
linearized problem of buckling. This is a consequence of the fact that there are several ways to introduce
both kinematics and internal forces in a large deformation setting and that, without violating any rule
of mechanics, these ways reflect different points of view and lead to different results. So far, two main
mechanical models for shear deformable rods have been pointed out, known as ‘Engesser’ [16] and ‘Haringx’
[21], the latter formulated in full generality by Reissner [33]. The Reissner model is the mathematically
easiest among the two and the most widespread [3, 4, 5, 9, 35], while the former is only scarcely analysed
[2, 17, 23, 43]. Both the models reduce to: (i.) the Euler’s elastica when the shear deformation is neglected,
and (ii.) to the two versions of the prestressed Timoshenko model for the determination of beam buckling
(both included by him in [38]). When all terms are considered, Fig. 1 illustrates the hierarchy of models,
with reference to a rod in a simply supported configuration with a load parallel to the initial straight axis.
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Figure 1. Dierent shearable models for a simply supported rod subject to an axial forceP (negative in
compression). is a micromechanical parameterEl and GAs are, respectively, the bending and the shear
sti nesses of the rod's cross-section and its rotation, di erent from the rotation angle ' of the tangent to
the rod's axis, due to the presence of a shear angle . The symbol °denotes di erentiation with respect to
the axis coordinate s (omitted for conciseness). Notice that: (i.) in the in nitesimal theory all the models
are characterized by vanishing rotational elds for every value of the axial forceP; (ii.) the rod model
introduced here (labelled “our shearable rod model') is characterized by two coupled di erential{algebraic
equations, while in all other models the algebraic equation is decoupled from the di erential one, which can
be solved independently of the other involved variable.

The striking di erence between the two Haringx/Reissner and the Engesser models can immediately be
appreciated by considering that the former rod predicts bifurcation occurring under tensile force, which are
impossible for the Engesser and Euler rods (tensile bifurcations for Euler rod can be induced by constraints
[41)).

Perhaps curiously, progress in clarifying shearable rod models can be made by resorting to prototyping
technology (3D printing and CNC machines). In fact, the latter sets the designer free from the constraint of
using homogeneous materials to realize a beam; rather, an elastic rod can be obtained through the periodic



repetition of microstructures that may reach virtually any level of complexity. With a properly designed
microstructured chain one can independently tune axial, shear, and bending sti nesses to obtain desired
compliance ratios. The overall behaviour of the chain can be homogenized into the response of an equivalent
elastic rod. In the latter, the e ective shear and bending sti nesses are no longer mutually constrained as
in the case of a rod made of a homogeneous material, so that di erent continuous models emerge and nd
their justi cation as connected to a given microstructure. Pioneers in this line of research, and extending
earlier results of Domokos [12, 13, 14], are Challamel and co-workers [11, 20, 23, 24, 26] who have shown
how the Reissner and the Engesser models can both be obtained by employing two microstructures di ering
only in the elastic element transmitting shear: a "Love nite shear strain' component (equivalent to a slider
and similar to the element used in [30]) in the former case and a "Timoshenko nite shear strain' component
in the latter. In this way, the two famous shearable rod models have been shown to be both consistent from
a mechanical perspective, but representative of two di erent microstructures.

The aim of the present article is to introduce, via homogenization, a new nonlinear model of shearable rod,
based on a four-bar linkage microstructure, representative of a simple “origami' junction (a concept prototype
of a three-element chain at macroscaleis shown in Fig. 2, but microscale realizations are possibf. In

Figure 2: Concept prototype of the microstructure forming a three-element discrete chain to be homogenized
into a new model of shear deformable elastic rod. Note the box-like elements representing origami-junctions
and the white elements crossing the hinges, so providing the exural stiness. Upper part: lateral view
of the undeformed con guration. Top views of the undeformed con guration (central part, left), of a bent
deformation (central part, right), of the bifurcation modes with the faulting (lower part, left) and the
"bookshelf-like' (lower part, right) modes.

this model, an internal length ratio, constitutive and geometrical in nature and absent in the Engesser
and Reissner rods, appears in the governing equations. The complexity of the microstructure leads to a
work-conjugacy governing the decomposition of the force internal to the equivalent rod into a non-trivial

1The black elements in the concept model are made in Loctite 3D IND403 and were manufactured with a Stratasys Origin
One 3D printer. They are jointed with folded cardboard sheets. The white connections providing bending sti ness are made in
Agilus30 and were 3D printed with a a Stratasys J750.

2Microscale compliant mechanisms, closely resembling the four-bar linkage system explored here, may be realised by means
of advanced 3D-printing technologies based on 2PP (two-photon polymerization). Such technologies, which are also referred to
as direct laser writing, achieve sub-micron resolution. For instance, with such a 3D-printer it would be possible to manufacture
a composite rod of total length 30 mm, containing 30 four-bar links, and cross section 0.5 mm 0.5 mm in the thicker parts.



	Introduction
	Discrete one-dimensional system endowed with four-bar linkages
	Geometry of the unit cell
	Large deformation kinematics of the unit cell
	Homogenization of the i–th unit cell 
	Homogenized kinematics
	External loads on the unit cell
	Equilibrium and constitutive equations

	Analysis of the periodic discrete structure 

	Homogenization of the chain into an equivalent elastic rod
	Kinematics and equilibrium of the infinitesimal rod element
	The mechanics of the equivalent rod
	Lagrangian of the equivalent rod
	The Engesser rod as the special case alpha -> 1

	Bifurcation of the discrete and the equivalent continuous models for cantilever and simply supported schemes
	Discrete chain models
	Cantilever chain
	Simply supported chain

	The continuous rod equivalent to the chain and the match of the two models on the bifurcation loads and modes when n -> infinity
	Cantilever configuration for the equivalent rod
	Simply supported configuration for the equivalent rod

	Patterns of bifurcations for the discrete chain and the equivalent rod
	The bifurcation loads and modes

	The special case of the Engesser rod

	Postcritical response of the simply supported rod showing the emergence and growth of folding
	The continuous rod and the numerical solution of its deformation under load
	Numerical integration of the equilibrium equations for the discrete system
	Multiple folding

	Conclusions
	Matrix Eigenvalues
	Eigenvalues of the symmetric matrix Fk
	Eigenvalues of the matrix Hk


