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The process is then repeated as usual in moment distribution. Three
distributions have been made.

The total moments carried over are now divided by the distances from
the thrust lines to the neutral points at the ends to which the moment ig
carried to give the thrusts.

These thrusts are then distributed as were the original unbalanced
thrusts, though in this case it is scarcely worth doing.

Now find the total thrust carried over by distributing thrusts (—3.63
—1.47 = —5.10), the total carried over from B to C (—9.70) and the
total carried over from C to B (—16.25).

The remaining problem of finding the resulting changes of moment
at crown and at the two springings is one of statics. Fach change of
thrust is multiplied by its lever arm about the springings and the totalg
determined. The change in moment at the crown is found as the
average of the changes at springings less the change in thrust times the
rise.

A simpler example is shown in Fig. 35. The distribution factors
are assumed to be as given. Note that the end arches do not appear
in the distributions.*

Influence Lines for Moments. The influence lines for moment due
to vertical loads on an arch fixed at ends may be drawn by producing
about the axis of the section relative rotation of the two sides of the
section to be studied. Vertical displacements of load points divided
by the rotation will then be influence ordinates for the moment to be
studied.}

If the arch is one of a series the forces producing the rotation will
produce also rotation and displacement of the ends of the arch (pier
tops), and these movements will produce further vertical displacements.
The influence line, then, for loads in the span may be considered to be
made up of three parts (see Fig. 23, page 269)

(a) The influence ordinates for the arch fixed at ends.

(b) Changes in influence ordinates produced by spread of the ends of
the span due to the forces generating the influence line.

(¢) Changes in influence ordinates produced similarly by rotations
of the pier tops.

Studies of a large range of cases have shown that the third factor is
relatively unimportant. The shape of the curve showing the changes

* This problem is taken from “Analysis of Continuous Frames by Distributing
Fixed-End Moments,” Proc. Am. Soc. C. E., May, 1932. The entire paper and dis-

cussion from May, 1930, to May, 1932, is published in Vol. 96 of the Trans. Am.
Soc. C. E., 1932.

1 See discussion of Miiller-Breslau’s Principle, pages 79 and 247.
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due to the second factor have the same shape as the inﬂue.nce line for
crown thrust for the fixed-end condition, and the error is not very
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Fia. 35. Symmetrical Continuous Arch Series — Distribution of Thrusts.

great if it is assumed that the whole change (b and ¢ combined) follows

the same variation. - . . .
It is possible then to construct rapidly influence lines which are quite

close approximations by computing moments for a load at the crown of
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each arch of the series successively. These give one ordinate in each
span on each of the influence lines for the continuous series.

ing .the influence lines for the fixed-end condition and adding li
ordinates proportional to those for crown thrust and with a v
center to give the computed total influence ordinate
very helpful for preliminary work and usually suﬂicie;l
final design are obtained.

Ip ]F"ig. 36, influence lines are plotted for crown moment at D and for
springing moment at B in span BC of Fig. 34 for loads in span BC only.
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See also discussion of influence lines for contin
VIII.

The influence lines may, of course, be filled in
by placing loads at other points on the spans.
desired must be determined by each desi
studies need not be very laborious.

uous arches in Chapter

with greater accuracy
How much detail is
gner for his own case, but the
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Balancing Thrusts and Moments in Continuous Arch Series. It is
evident that foundation distortions may produce serious stresses in
arches resting on high piers. Since such distortions are most likely to
be produced by loads of long duration, as well as because of the im-
portance of dead load and temperature change in the analysis, it is
desirable that the fixed-end moments, and even more important that
the fixed-end thrusts, be balanced at each pier top for dead load and for
change of temperature.

If the arch axis follows the string polygon for dead load, there will be
no moment at the springing from dead load. The thrust

H D« L }—I;
for the same load intensity on all arches. The load per foot, due chiefly
to the deck, is approximately the same in all spans. For balanced
thrusts, then, we should have

h < L2

This is often difficult to get, since, if the span varies, either the level of
the roadway must be varied or the springing levels of the spans must be
different. This often results in considerable assymmetry in the arches.
For arches of constant width and of given proportions — that is, for
the same values of N and m as given by Whitney — we have for thrust
and moment at springing due to change of temperature

3

H T < %2

d3

MTO(E

But if, as is more important, we have balanced the dead load

h «< L?

Hence
dS
7 T4
d3
T = 1z

H
M

To balance the thrusts, then, we should have d® « L% and even then the
temperature moments will be slightly unbalanced.

Unsymmetrical Arches in Continuous Series. The formulas above
for the properties of the arch are slightly modified where the arch is
unsymmetrical. The thrust line for displacements is no longer hori-
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zontal. All ordinates, however, are conveniently measured from this
thrust line. (See Fig. 37.) This thrust line is inclined to the hori-
zontal axis at an angle tan™* I,,/I,. The thrust line for rotation about
O is located with reference to the thrust line for displacements by the
values d’ and d”’ of the intercepts.

These relations may be deduced from the column analogy. Evi-
dently they represent the general case, of which the symmetrical arch is
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F1a. 37. Continuous Arches — Thrust Lines in Unsymmetrical Arch.

special. The neutral point of a joint is to be so located that 3_(d/I,’)
= 0, where, if the arches are symmetrical, I,/ = I,.

D. Effect of Superstructure

Where, as is usually the case in a spandrel-braced arch, the deck
merges with the arch rib near the crown, or where the columns near
the crown are very short, the usual method of analysis in which the
arch rib is treated as an independent structure is inadequate. The rib
and superstructure really act together, the resulting structure being
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very much stiffened near the crown. The long flexible columns near
the springing have less effect.

This action affects the forces produced by live load and temperature
change, and it affects materially the resistance of sections near the
crown of the arch. It also sets up stresses, which apparently may be
quite high, in the short posts near the crown.

Effect of Superstructure on Design. The exact analysis of the en-
tire structure presents an interesting problem in mechanics. But the
interest of designers is not in the problem in mechanics but in develop-
ing a safe, consistent and economical structure. No great economy is
to be expected from trying to design the structure to act as a whole.
The moments due to live load are very much decreased, it is true; but
those due to dead load are scarcely affected, and those due to change of
temperature are not decreased and may even be increased. Assume that
in a given arch rib 60 in. wide and 30 in. deep designed by the usual
method we have

I

Unit stress due to weight of rib 100 lb. per sq. in.

g “  deck = 400
oo “  live load = 300 “ “
“ou “  temperature = 200 ¢ “

1,000 Ib. per sq. in.

Assume now that the computed moment due to live load is decreased
509, if the structure is analyzed as a whole and that the section is to be
decreased to maintain the same unit stresses. As the rib depth is de-
creased

Unit stress due to weight of rib is unchanged.

“ “ “  deck varies as 1/d.
live load varies approximately as 1/d2.
temperature varies approximately as d.

113 144 143

143 143 113

Try depth = 25 in.

Rib = 100 Ib. per sq. in.
Deck 400 X $3 =480 « o«
Live Load % (32)? X 300 = 220 “ «
Temperature 200 X 3¢ =170 “ ¢
"970 Ib. per sq. in.

Or we may get the same total unit stress by changing the width to
51 in. and leaving the depth unchanged. In one case we save 179, and
in the other 15%, of the quantities in the rib. But only about one-third
of the cost of the rib varies with the quantities, and the cost of the
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rib is only about one-third of the total cost. We have, then, saved
less than (1/9) 169, = 29, of the total cost of the structure.

But if we hold the same sections for the columns, we have lowered
the factor of safety of the structure. We are now depending upon the
strength of these columns not only to carry their own load but also to
assist the main arch rib.

Evidently the above computation is based on assumed values which
permit of wide variation, but they give some scale on the relative im-
portance of the elements involved. As the span becomes greater, the
proportion of the total cost represented by the rib becomes larger, but
the effect on the large rib of the small spandrel] columns becomes smaller
and for very long spans is entirely negligible.

The general conclusion indicated is that it is inadvisable to depend on
the superstructure to assist the arch rib. We are dealing here with
secondary stresses in the superstructure, objectionable and largely
unavoidable, but not to be depended on to do the work of the main
structure. As usual, the design involves sound judgment as well as
stress analysis; and judgment is more important.

It may be thought that the interaction of rib and superstructure may
induce excessive stresses in the columns. Analyses seem to indicate
high flexural stresses in the short columns near the crown. But the
authors have not been able to find any evidence that these stresses have
done any damage in existing arches.

Effect of Expansion Joints in the Deck. Some engineers try to avoid
these secondary stresses by placing joints in the floor. Some have
stated that the omission of such joints results in excessive cracking of
the floor, though it is not clear why this should be the case.

Some appear to have thought of such joints as similar in action to
expansion joints in a viaduct, others as a means of making rib and super-
structure act independently. A little consideration will show that the
first viewpoint is incorrect. Consider the arch shown in Fig. 38. If
the structure were on rollers at the ends, there would be no stress due
to expansion. Now push back the abutments. The bottoms of the
columns now move toward the center, and the tops tend to tip out from
the center. It will be found that the tops have moved out, except near
the ends of the span, and that most of the deck, which would be in
compression in a viaduet, is in tension in the arch. Thus the effect
of expansion is different in nature in the arch owing to the tipping of the
posts, and is also opposite in sense.

Some idea of the action of the deck may be had by estimating the
increased resistance of the portion of the arch near the crown. The
position of the axis and the I value at the saddle may be computed;
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beyond the saddle the problem is more complicated, but a guess as.to
the position of the equivalent axis and the equivalent I value (r.elatlve
rotation per unit of length for unit moment) may be made (see Fig. 38).

From studies of the distortion of the composite structure it appears

that expansion joints are ineffective in separating the action of rib and

deck. There is a considerable body of evidence to show that t.hey' are
really not needed except at the end of the span. Th.ere are o'b;-]ecmons
to their use on the grounds that joints are usually points of disintegra-
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F1a. 38. Effect of Superstructure of Arches.

tion due to weathering, as may be observed .in almost. any.co?crejce
structure, that they produce a slightly objectionable d.lscontmu].ty in
the roadway, and that they produce local movefnents in t}?e handrail
or parapet, which may and often do result in unsightly spalhng. .T.hat
the prevailing tendency of practice is against the use of expansion joints
except at the ends of the span is shown by thfa following survey made
by Mr. E. K. Timby, and published in Engineering News-Record, March

17, 1932:
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These tables summarize the replies of 36 state highway departments
to a questionnaire. Mr. Timby draws the following conclusions from
his studies:

¢ 1, Forty-three per cent of the bridges built have a span of less than
100 ft.

9, Thirty-eight per cent have a span between 100 and 150 ft.

«“ 3. Eighty-six per cent are of the spandrel-column type, and fourteen
per cent are of the transverse spandrel-wall type.

¢4, Thirty-seven per cent have expansion joints at the piers only.

“ 5. Twenty-seven per cent have expansion joints at piers and at the
one-third points.

¢« 6. Twenty-one per cent allow for expansion at every spandrel
connection.

« 7. Nine states (25 per cent of the replies), representing 44 per cent
of the structures built, now prefer expansion joints at the piers only.

« 8. Eight states (22 per cent of the replies), representing 18 per cent
of the structures built, now prefer expansion joints at piers and at the
one-third points.

“9. TFive states (14 per cent of the replies), representing 14 per cent of
the structures built, now prefer expansion joints every 30 ft.

«10. Six states (17 per cent of the replies), representing 21 per cent
of the structures built, now prefer expansion motion at every spandrel
connection.

«11. Seven states (19 per cent of the replies), representing 2 per
cent of the structures built, have no general practice.

“19. States representing 44 per cent of the structures built now
prefer expansion joints at the piers only, whereas only 37 per cent of the
structures built were constructed in this manner. This indicates a
swing in favor of expansion joints at piers only.

¢« 13. States representing 18 per cent of the structures built now prefer
expansion joints at piers and at the one-third points, whereas 27 per cent
of the structures built were constructed in this manner. This again
indicates a preference for fewer expansion joints.

“14. States representing 21 per cent of the structures built prefer
expansion joints at every spandrel connection, and 21 per cent of the
structures built were constructed in this manner.”

E. Combinations of Girders and Arches

All sorts of combinations of girders and arches are possible. Such
combinations have been frequently used in bridge construction abroad.
In special buildings they are often a desirable solution and would prob-
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ably be more used if their analysis were clearly understood. This field
is too broad for complete development here, but a few suggestions of the
possibilities are indicated. The most important question here, as else-
where, is just what analyses are worth while, what loadings and moments
control design. What is wanted, of course, is not an academic listing
of all possible stresses, but a determination of the controlling sections.

Ilustrative Problems — Suggested Studies. The illustrations of
Figs. 39-42 are merely suggestive.

Fic. 39

Rotation at the ends of the arch may oceur, but displacement is pre-
vented, except for the negligible compression in girders and columns.
Moments may then be distributed at once about 4 and B. The thrust
lines for rotations about these points should be found and the change of
horizontal thrust determined by dividing by the lever arm.

(1) Determine fixed-end moments in arch at 4 and B.
(2) Distribute these moments.
(3) Find the resulting thrust lines and changes of thrust in the arch.

Fia. 40

In this case the tied arches usually cannot be treated as absolutely

rigid. 'We must use moment distribution in distributing shears.

(1) Add a false strut D H as shown in (b).

Determine fixed-end moments at 4, at B, at €, at D, at F and
at G.
Distribute these and determine from statics the false forces
P’ and P”.
P’ = W; = (shear in columns DF and H@).
P" = Wy == W, £ (shear in columns DF and HG)

== (shears at bases of lower columns).

(2) Determine two sets of shears and corresponding moments for
forces corresponding to forces P’ and P”, and by simultaneous
equations find moments produced by P’ and P”. Find the
stress in the strut.

(3) Remove the false strut, neutralizing it by opposite forces as

shown in (c).
Distribute these forces among the columns on the assumption
that they are fixed-ended. Distribute these fixed-end moments
and determine what forces the distributed moments actually
represent. Find the true moments.

(4) Add all moments as determined in (1), (2) and 3).

Y

COMBINATIONS OF GIRDERS AND ARCHES 337

N

\
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Fic. 41

. This figure suggests further the architectural possibilities of combina-
tions of arches and girders. The analysis, for wind or gravity loads
along lines indicated above, presents no special difficulties.

Combinations of Arches and Rectangular Frames. Where the abut-
ments of the arch rest on rectangular frames, these may be treated b
the formulas already explained. Thus in Fig. 42 we have at joint CB"
the arch, the column C'D and the unsymmetrical — frame ABC.} ,

The = frame may be treated as an unsymmetrical arch by the .column
analqu. Determine I, I,, I., and the centroid. From these we de-
termine the thrust stiffness and the thrust line for displacement, and
after the neutral point of joint C is located, the thrust line fo’r di ,
tributed moment and the moment stiffness. v

Ll

F1a. 42. Continuous Arch Frame.

44 'H, 2

F1a. 43. Continuous Arch Frame.

A method to be preferred here is to determine the elastic properties’

of bent A BCD as a whole and treat it as a sin i
gle member in th i
In order to do so, proceed as follows: © analysis
(@) Apply unit rotation without dis
placement at C' on f
and find unbalanced H, and M, at C. on frame ABCD
(b) Apply unit displacement without rotation
at C on f
and find unbalanced H; and M; at C. - on freme ABCD
We can now distribute unbalanced thrusts at ' between arch and
fran_le In proportion to their “ thrust stiffness” (H,) and find the re-
sulting unbalanced moment (from J,). Similarly distribute the un-
ba;algcfg r}rlloment at C in proportion to “moment stiffness”’ (M)
an the resulting unbalanced thrust (f
S (from H,). Repeat to con-
A similar problem is shown in Fig. 43.
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Inflection Points, 16

In high buildings, wind, 221

Influence Lines, 247

As deflected structures, 79
Combined, 249
Construction of
Arches
Continuous, 267
Fixed at ends, 253, 263
Beams
Continuous, 250, 251, 259
Fixed at ends, 139-149, 254
Haunched, 257
Statically determinate, 248
Frames, 259
Graphical construction of
Arches
Moments, 277
Thrusts, 276
Beams, 275
Use of in
Arches, 289
Continuous frames, 159

J
Joints, 152, 154, 187
K
Kern, 54, 272
L
Limitations on Precise Analysis, 4, 5,
189, 203
M
Maximum Moments, Shears and Re
actions

Columns, 163
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Maximum Moments, Shears and Re-
actions
Curves of, construction, 164, 167
Elementary procedure, 156
For concentrated loads, 157, 257
For uniform loads, 156, 257
Ilustrations
Moments, 167, 179, 180, 181, 183
Shears, 167, 178, 179, 183, 184
Mezzanine Floors, 226
Mill Buildings, see Buildings.
Modulus of Elasticity, 4, 313
Moment Areas, 30, 32, 36, 91
Moment Curves, 14, 16; see also Maxi-
mum Moments, ete.
Moment Distribution
Approximate methods, 167
Degree of approximation, 171
Tustrations, 173, 174, 176, 180, 181,
182
Modified arrangement, 176
Direct method
Abbreviated, 102, 230, 237, 243
Arrangement, 95
At separate joints, 104
Cantilevers in, 86
Check on
General, 119
Prismatic beams, 91
Columns in, 90, 101
Free-end members in, 98
Illustrative problems, 90, 92, 99
Signs, 92, 95
Summary, 97
Graphical, 194-196
" In bents, 207
Indirect method
Correction for sidesway, 107, 109
Fixed-end moments by, 105
Nature of conception, 81
Types of frames solved by, 114
Moments of Inertia, 4, 52
Miiller-Breslau’s Principle, 79, 247, 274,
326

N
Neutral Point, 318

O
Order of Study, 7

P

Physical Constants, see Constants of
Deformation.

Plastic Flow, 3

Pressure Lines, 23, 25, 201, 289, 295

Pressure Line Theorem, 289

Products of Inertia, 52, 270, 273

R
Reciprocal Theorems, 77
Rib-shortening
Arches, 285, 294, 295, 311
Bents, 46
Building frames, 235
Rigid-frame Bridges, 211, 244
Rigid Frames, 197
Analysis
Column analogy, 204
Moment distribution, 207
Pressure lines, 201
Use of false ties, 211
Wind stresses, 214

S

Secondary Effects from Wind, in Build-
ings, 235
Secondary Stresses
Superstructures of arches, 332
Trusses, 238
Effect of proportions, 240
Effect on primary stresses, 242
Tllustrative computation, 243
Settlements, 38, 115, 244
Shear Adjustment, 227
Shear Distribution
High buildings, 220
Industrial buildings, 214
Shearing Distortions, Effect on Analyses,
46
Shears, 15; see also Maximum Moments,
Shears, etec.
Sidesway, 107
Geometry of, 44
In buildings and bents, 209
Statics of, 24
Signs
Column analogy, 55
Moment distribution, 92, 95
Sih, T. 8., 137
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Slope-deflection, 93
Slopes
By moment areas, 31, 32
By stress areas, 31, 36
Formulas for, 35, 36, 42
Referred to chord, 30
Referred to tangent, 29
Statics ;
Bents and arches, 20
Principle of, 12
Sidesway, 24
Stiffness, 47, 83
Beams
Constant section, 62, 63
Free at one end, 98
Haunched, 129
Curves, 139-149
Varying section, 67, 68, 69
Effect of joints, 187, 201
“ Moment stiffness,” 316
“ Thrust stiffness,” 316
Stress Areas, 31, 36
Superstructure of Arches, 330

T

Tabulations in Column Analogy, 56, 57,
58
Temperature Effects
Continuous arches, 329

Temperature Effects
Fixed arches, 312
Timby, E. K., 333
Time Yield, 3, 4 (footnote), 312
Torsion, 117, 185, 191
Building frames, 235
Trusses, 238

U

Uncertainties, see also Limitations of
Analyses.
Analyses of bents, 203
Column moments, 5
Physical constants, 4

v

Viaduets, 132, 137, 157
Vibration of Buildings, 223
Vierendeel, 236

Virtual Work, 77, 239

w

Whitney, Chas. S., 300
Wind Bracing, 223
Wind Stresses
Bents, 204
High buildings, 220
Industrial buildings, 214





