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Using 7.1 (5) we have

By(t) = —2idy p () + 2d5(8) = —24 [Agp () — s (4] (15)
By(t) = 2idp(t) — 245 () = 24 [p () — s ()] (16)
Y182 — yadi= 1 (1 =y — s (L— ) = =i (l— Ap) (17)

Therefore
Bit) A {bp) —s@)

Y102 — y20; Ay— Ay (18)
Balt) A {p() —s()
V10— 7,6, Ay— Ay ’ (19)
Therefore by the Plemelj theorem, for vanishing at infinity,
. 1 4 Azp (t) —s (£)
Wi(z) = 21 A— T‘it (20)
A
1 4 Jp(t) —s(8)
Wales) = =g 7y | 2220 4y (21)

Observe that (21) follows from (20) by interchanging suffixes 1 and 2.
Observe also that we have
1

Wb —s@) PO+ s
A— A, - 1 A
?@—Z)

which amounts to replacing, in —p (¢) + 4s(f), 4 by % and multiplying
2
by a constant. We are now in possession of a general method for solving

boundary value problems for the half plane. This method can be applied
to the problems of chapter 4, but now for anisotropic material.

7.41. Force at the edge of a half-plane
Let the force X +¢Y be applied at the origin, on the edge of a
half-plane, (fig. 4.21).

Clearly as in 7.38 the appropriate forms of the complex stresses
“will be

Wilz) = — 4, Inz, Wilzy) = —4dylnz, (1)
whence i N
4, Ay

Wilz) = — P Wo(zg) = — " (2)

From 7.2 (1) we must have

. 1. \ \ =\TI7 (5 S\ (5
X+iY = —3t (6, Wi(z) + Oy Walz,) + V1 Wa8) + 7, W) lepe
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and since argz, decreases by ot on describing BDC, we have
ZOAIN) 5ty + Splly— iy Tads )

and the conjugate equation

~ RE—T yidsit yade— 8,4,— 8a4,. (4)
7T
Also the stress on the x-axis must be zero and therefore putting y =0
in 7.4 (1) we must have
yidi+ yedat 51Z1+ 8yd,=0 ()
014, + a4+ ’}_’1;1-1'*‘ Vada= 0. (6)
The solution of (3)—(6) gives
2 (X 4+ A, Y) 22X+ AY) )
d=m ity BT TR

~

Since 77 + 60 =6, 60 —77+ 2ir0 = Pe0, we have 2 (77 —i70)

= @——;—(ﬁ, so that

2 4
Vo A Z 0a4,4 . 023}
Ll S el
Now .
H=y2+ 6%, 4= 8,7 + P
Therefore

8f— 1z =282—2, Fi—01z=2pi—7%.

Therefore using (5)

L~ 2 9.6, A 29,0, 4
2 (7 —irf) = Ak R 4

2y %y “

277151/1—1 + 2'}—’2_32/42 —9260

Zy

which is real and therefore 20 =0. Also 277 =20 = 277 + 260 an.d
therefore 66 = 0. Thus the stress is purely radial as in the isotropic
case, cf. 4.21. The value of the radijal stress is

;2 82/-1_2

23

~ y10,4, 7164, Y20, 4, +
rr== 7 + z +- Zy
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) 7.5. Induced mappings
et the boundary of the i ‘
material be the cl
curve be mapped on the unit circumference, ¢ O_SC;O Cilrllrzeé Cland {)et e
) - _p ane y
z2=m(c) . (1)

14&5 explallled n 7-31, to the ClICult (: n the Z-plalle thele COIIeSpOHdS

a circuit Cy in the z-plane wi
i 1-Plane with the same sense of description, see fig. 7.31

H=y2+ 6,7,

( 1
it fOHOWS fIOIn 1 that C 1S lllap[)ed on t]le circumierence 4 by t e
)

':'] )1 Z(C) a]. ? (U) 7 1(0) ’ (2)

while 2, = m,(f) ma .
. ps the region Z, on th i
. 5 e .
Similarly C, is mapped on y by the induggglglaéiiegtermmed RS

5= yam(0) + 87 (+) = my (o) 3)
while z,= # i
2= 7,(C) maps the region Ly on the region L determined b
yy.

7.6. Elliptic hole in an infinite plate

We map the circ
b umference C of the ellipse on that of the unit circle y

1 1
T TR VA

Fig. 7.6

and the outsides will correspond. Also from (1)
X =aqcosf, =-—bsinh 2)

and i i
as 0 increases the point P describes C clockwise
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Since 2z = y,% + 0,7 the induced mappings are

5=my(0) = y1m(0) + M (”(1;) = ’;‘ (@ —1Ab)o +% (@+i4.b) 'jl; 3)
4)

2g= myf0) = 5 (@ —i4b) 0 + L (@t idgh) 5
Now (3) gives
ra—idh) —2nL+ (@ +ihb) =0

and therefore

po Bt Vi@d— @+ 29} _ a4 ihb )
B a—ikb n— V@ — @+ 20}

where we have taken the positive sign for the radical since the exterior

of C, corresponds to the exterior of . Similarly we find

‘= ot Ve — @+ 309} _ a4 ilyb
a—ikb n— VA — @+ B
and therefore
dzy _ T (@t A0
2 () - VA =m0 |
i 6
d A . 2 2+ ;{2 bz)
() = Vi __(ic_,ZJ} , zg= Ma(C) -

7.61. Elliptic hole in an unloaded infinite plate

Let the stress #np-+ ¢ #Sp be given on the boundary which in the
notation of 7.6 is mapped on the unit circumference y by

z=m(0) .

This induces the mappings
2= m(0) , %= (o) - 2)

Therefore the stress boundary condition 7.21 (4) is
' ' - T17 I3\ = 1
B W) 1 (0) + BT let) s ) — AT (&) 7t () 3 o
3
e, BN T e~y
— 7aWa(Z) M2 (;) — = 2@nngt 1 nsp) m' (0)-

Similarly starting from the conjugate we get on the boundary

y Wi(zy) mi (0) + 72 Wo(zs) m2 (0) — 8, W.(5) my (_(lj_) T;?
{1\ 1 . {1V 1 (4)
— 0, W 5(25) M2 (;) i 2 (Ang— 1t ASg) M (;) 5

‘We now consider the case in which the resultant force on theboundary

of the hole is zero, and the plate is otherwise unloaded.
thematik. 6. Milne-Thomson

13

Ergebnisse der angewandten Ma



194 VII. The influence of anisotropy

T
. il;llelrclhelfzt(;l,n sz(:ﬁgé MI/(CQ nfz(ﬁ), m () are holomorphic functions
. ; as the plate is unloaded the stresses at infini
?:;e ze;o, i.e. Wi(z), 'WQ(ZZ) vanish at infinity. Therefore multlirlilnilrty
) and (4) by do/[2n1 (¢ — ()] and integrating round y we get e

8, W) 74 (8) + 8, Wo(za) 3 (0) = —— Sﬁ 2 (sip + i W35) m'(0) do

=~ oni c—¢ , (5)

e

ya Wae) m1 (£) 4 e W(zg) ma (0) =— ?1 ‘ (}S 2 (flig— i#3s) W(1)0) do
-ﬂ’Lyh o® (0 —7) , (6)

for

= (1IN 1 —
Wi(z) m,| (?) o Wo(2,) My (%) %
are holomorphic in R when £ is in L .
vanish by Cauchy’s theorem. n L and so the corresponding integrals

Solving (5) and (6) we get

et nd) Wie) mi (O =5y G 22D mm) @)

2 O—_C
Y

(20— y102) Wy(z) m5(8) = 27]” 95%%{} 25= 1my(() (8)

e

where
1 1(0) Y2 (“”B 7 ilSB) ?IZ’(O) 52 (7’\“;]3 i"zsﬁ) m'’ ( : ) 1 (S)
o) 0%’
Fz(o') =— (nnB—i— ) nsj,) m'(a‘) — 61 (””B_ 1 n/}B) m' (—1 ) L (1())
o) o’

and (7)—(10) solve the problem.

7.62. Uniform shear on the boundary of an elliptic hole

Applying the method of 7.61 7
_ .61 we have 7inz=0, #S5= i
the given shear and therefore from (9), (10) tom s where s

Fy(0)= iyys m'(0)—1idys ' (%) 1
=

1 . .
:?zs{(a—zlzb)—(a +12,b) GL} ,

Fyfo) = —iysm'(0)+ idysm’ (L) Y
(J'Z

(o2

Lo
= ip {(al—z'ilb) — (@ + iAb)

A
ot

SR
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Therefore from 7.61 (7), (8)
_—Zs(a—|—illzb) 1 _
Wl(zl) - Al_ /12 szi (C) E] zl_ ml(C) (1)
25 (@ + i A.b) 1 B
Wala) = 200 s, m=mll) @)
Therefore using 7.6 (5), (6) we have finally
Wilz)
_ —2sa—ihd)et ikd) 1 )
s [+ ViE— @ + R69)) Ve — @+ A30))
Wo(2s)
_ 2s(@a—ihb) (@ + iAb) 1 @)
I e [+ V— (@ + R3p%0) Vi — (@ + 2807}
Observe that although (3) and (4) are explicit solutions, (1) and (2)

in terms of the parameter { are often to be preferred.

7.63. Hair crack opened by pressure

For uniform pressure p on the boundary of an elliptic hole we have
jhg=— p, dp= 0 and therefore by the method of 7.62 we get

Wi(z1)

_2ipbtiek) (@ —iAb) 1
h= mT e A @+ A

and W(z,) is derived from this by interchanging 4; and A, For a hair

crack of length 2a we put b =0, getting

e 2 NS S—
Wia) ="1=7, &t yE— ) Vet —a

Wl = 2a AP 1
25 = T2 g+ Vi — ] Ve — )
Thus the complex stresses become infinite at the ends of the crack

y— 7= =+ a, and elastic failure must therefore start at these points.

7.64. Elliptic hole in a loaded infinite plate
By “loaded” we shall understand the case in which the resultant
force on the boundary of the hole is not necessarily zero and the stress

at infinity does not necessarily vanish.
In this case we have, in the neighbourhood of infinity,

‘Wi(z) = 44 In 2+ B1zl+\WT(zl) ) (1)

‘Wolz) = Ay In 2,+ Bzzz"“W;:(zz) )
13*
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where ‘W (z)), ‘W§(z,) are holomorphic in the whole region occupied
by the material

Ay, Ay determine the resultant force, B,, B, the state of stress at
infinity as explained in 7.36.

In addition we can write the condition for no dislocation givenin 7.34.
From (1) we have

A, A,
Wi(z) = Z“f‘ B+ Wi(z), Wo(zy) = e + By+ W;(Zz) (2)

where W¥(z,), W4(z,) vanish at infinity, and if we substitute these

expressions for Wy(z;), Wy(z,) in the boundary conditions 7.61 (3), (4),
the results can be written

S WY (1) i (0) + 8, Wi (23) mi (0) — 7, W (2,) 7, (i) ;

(22

— 3)
— P $(8) 7 () 2 =2 (435 + £ 43%) (o)
N WE (@) mi(0) + v, Wi () my (0) — 8, W5 (2) 7] (~) L

=, (1) 1 . g — [ 1
— 84 (2) 3 () = = — 2 (g — < i3p) (3)=
where
8 A4,
m A ()

8,4, iy (o) + J’Ji—l,;,ii (l) Ly )—’2_/‘12 7, (i)i (5)

) 2
o 2

2 (Ank + £ A3E) m(0) = 2 (R p+ & 35) (o) —

' ’ _ 5 —, (1) 1 _ _, (1
— 6, Bymi(o) — 6, Bymy (o) + V1B1m; (?) =T 7o By (—)

~ Ty A | ~ L~ =
— 2 (nnf—insy) m' (?)—z_.(z. n3~¢n53)m'(i)i

A, V. 0 Ay —, (1) 1 8,4, _, (1Y
wﬁjml(a)__iz_zmz(g)jL_L_lml (_)*4__%,” (_)

, . f=—, /1) 1 = _ (1) 1
— Y1 Bumi(0) — yy Byms(o) + 0,Bym; (;) Pl 8B, (?)

= ®

0%’

The problem of determining Wi(z), Wi(2,) is now reduced to the
same problem as that of 7.61 and therefore 7.61 (7)—(10) can be used
with the notation as modified in this section. When Wi(z), W%(z,) have
been found we get W, (z), Wy(z,) from (2).

7.68. Unloaded elliptic hole in a plate under constant tension

The stresses at infinity are defined (cf. 7.36) by the constants B, B,
and therefore for an unloaded hole

Wi(z) = B+ Wi(z), Wyz) = By+ Wi(z,), (1)
where Wi(z), Wi (z,) are holomorphic in L and vanish at infinity.

7.68. Unloaded elliptic hole in a plate under constant tension

The boundary conditions 7.21 (4), (6) may then be written

T | 1
8, Wk(z,) mi(o) + 6, Wi (25) malo) — P W (&) ™) (?) o

— 7 8@ () 57 = — 1 Bumi(0) — 8, Bymio)
s (VL o p e (L)L
+ y1Bimy (;) -t Vszmz(U) ol

== (1) 1
YW () milo) + yaWE () malo) — 8,77 1(@) 1 (7 ) 5
8, Wk (z) (%) L — By mi(0) — s Byms(o)

+5,B,7, (%) 2 5,B,m; (i) =

g
Therefore
/ 1 hiloldo
(20— y105) Wi (z) mi(l) = 557 e » A= m(L)
. Y
) 1 hlo)do
(y10a— p201) Wi(za) ma(C) = 57 o—¢ T ma(C) 5
¥

where

& x5y [
f1(0) = — (y26,— p165) Bami(0) + (Frya— 0105) By (?

~—

+ (yaFo— 0202) By

|
—_—~
al—= a|-

S—— S—

f2(0) = — (y10,— y261) Bama(o) + (11— 6151) Eﬂ’_’@i

Q-
S ——

—

+ (y172— 6:65) B ym;

Now f,(0), f5(0) are of the forms

i M, i M
flo) = Kat =55, falo) = Kot =5

and therefore
(20— 165) Wi(z) mi () = &= z=my(0) ,
(ru8a— a0 Wh(z) m (©) = 5>, 2a=mall) -
From 7.6 (3), (4)

s
7y —, AN 1k — 1

mi(o) = bi——, M (‘“U) e Mt
1,

Ny —, (1YL - b

o) = L= G () e =t

= al= af= SN

197

@)
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where

1 .
Z1=§ (a"—zﬂlb) y MWy= % (a4 ikb)

i (8)

o _
la=g (@—1kb), my=— (a+idyd).

Picking out the coefficients of 1 fo® from (4) and (5) we find that
1

M,= o ((A— 2y) n; B, + (A— Ag) 7151"}‘ (A— Ao) Zzgzj: ©)
1 s = = - O
My= 5 [(2;— A) n, By + (Aa—A) la By+ (,— A) T, By],  (10)
and therefore
Wi(z) = B+ L
s ! (h— %) [+ V{3 — (@ /3 b%)] Vi3 — (a2 + 73 0%} (1
Wy(zy) = By+ 2
= A) la+ VT — @+ /569)] Jid— (@ + M09 (12

jfhe apove applif:s to any state of (constant) tension at infinity. To apply
it f:o simple tension at angle « to the major axis we substitute the appro-
priate values of B,, B, from 7.37.

7.69. Hair crack in a plate under tension
For a hair crack of length 24 we put & =0 in the results of (7.68)

1
so that /= n,= 5 @ =l = nyand therefore

My=1Y,a [(4—2,) B+ (h— 2,) B+ (22— As) B,]

so that
1
5 @ Uh— ) Bi+ (I,— 24, B, +(R,— A, B
Wl(Zl)zBl+ 2 1 ( § 1 2) 1+( - )Bz]
=) [+ VT —a?)] Vied — a3)
. ‘
5 4 [(Ae—A) By (Ae— ) B,+ (1, —2) B
Wa(zz) _ B2+ 2 2 1 2 2 1) 2+ ( 1 1) Bl] .

(A—2) [+ V(B—a®)] V(2 — @)

Owing to the factors /(2 — a?), J/ (25 — a?) in the denominators it follows
that, in general, the stress tends to infinity at the ends 7 = 5 — + a of

the crack whatever the constant state of tension at infinity may be

7.7. Problem II for an elliptic hole in an infinite plate

The displ.acer'nent bqundary conditions are given by 7.22 ( 1) and (2)
where ‘uB—.}— ivp is the given boundary displacement. When we map or;
the unit circle this displacement is a function of a '

ug+ ivp=vy(o) (1)
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say. This together with the direct and induced mappings give us the
boundary conditions of 7.22 (3) namely

bIW(5) mi0)+ Wiz milo)— T IVu(2) 7 () e o
— s Wz(z-z) My <%) % = 4vu}(0)

; e 1\ 1
G Wa(z) 7 (0) + 0 Woles) ma (o) — BT (2) 7 (77) =
=, (1)1 - (1)1 ®)
— DaWs(25) M2 (;) -7 =—4vj (7) =
Assuming that stresses vanish at infinity and that the resultant
applied force is zero we get

W) mi Q) + paWalen) mis(0) = 5o L H2ELT @)

¥

40 |— 12 d
@ Wilz) mi(£) + qaWalzg) ma(0) =— 2:”» ¢ (0,0_) 3 5 (5)

Y

which we can solve for W,(z,), W(2,) as was done in 7.6.
When the resultant applied force is not zero but X 4 4Y, and there

is a finite constant stress at infinity we write
A
W) =S+ Bit Wia) , ®)
A 2 ok
Wa(zs) = Fe + Bpt+ W(z) , (7)

where W¥(z), W3 (z,) are holomorphic in L and vanish at infinity.
In the left-hand side of (2) and (3) we now can write W* for W,
and modify the right-hand side of (2) to become

’ ’ Al ’ 2 AZ ’ _q‘A_ el g 1 1
[4v}(0)]* = 4vp(0) ————Plzl mi(o) —&Z—z— ma(o) + 12_11 my (7 =
Gody —, (1) 1 ; i T T TLAR.

+ gz‘iz—zmz (?) F_ZblBlml (0) — pa Bama(o) + gy Bimi (? ra (8)

=, {1\ 1
+ g Bymz (;) o
and a similar modification for the right-hand side of (3). The problem
thus reduced to that just solved. The 4’s and B’s are determined as
in 7.36.

7.72. Rigid elliptic core welded in an unloadzd infinite plate

We envisage an elliptic (or circular hole) in an infinite pl'ate. The
hole is filled by a rigid core welded to the plate all round the rim.
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This situation arises in the case of a natural knot in a wooden plank,
wide compared with the dimensions of the knot, or in the case of a rivet
forced into a hole.

We first consider the case of a force X + 1Y applied to the core at
its centre, the plate being otherwise unloaded, and the deformation
being non-dislocational.

We can write

‘Wiln) = 4, 1nz1+‘W;k(21) » Wylzy) = 4,In Zo+ Wi(zy) , (1)

where ‘Wi (z,), ‘W (z,) are holomorphic in L and can be taken to vanish
at infinity without loss of generality.

The conditions to be satisfied by A4, and 4, are therefore given
by 7.36 (3) and (4) and their conjugates.

The effect of the force will be to give a translation to the core, and
therefore the same translation to the boundary in contact with it. This
is a rigid body movement and can therefore be ignored, for it can be
nullified by applying the opposite translation to the whole system.
Therefore the displacement boundary condition is that of zero displace-
ment which from 7.22 is

' Wi(z) + D2 Wi(z) + Wl(il) + 7' Wz(z-z) =0, @)
7' Wilz) + g, Wlza) + 2, Wl('él) + 2y _Wz(fz) =0, (3)
at the boundary. On using (1), (2) becomes
PWH@) + 55 Wi ) + 3 W) + 3, Wh(z)
=—hdny—p,d,In Z— A, In 7 — N4, In Z.
Now from 7.6 (3) on the boundary

1 4 1 X
zl=7(a—zﬂlb)a—}-?(a+Mlb)%=llo+€l,
1 . 1 . 1 n (5>
22=?(a~1226)0'+~2‘(6l+’leb)?z*120‘—)——0_1,
and so
4, Inzl=A11ncr+Alln (Zﬁ——Z-i). (6)

Now the zeros of 7, + mL* are in R, for at a zero

~§2:ﬂ:%ﬂ’.‘i
P A @a+0p) —iba
an ereiore
¢4] = B+ B2 (ed + B —2ap, 1
@+ (af + f2) + 2abg, < 1,

since by hypothesis B> 0.
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Therefore In (J,+ #,/(?) is holomorphic in L. Therefore if { is in L,

! Eﬂﬂ%ﬂﬁzm@+%%MA. (7)
oy o—1¢ ¢
Y
from 3.13 (6).
Now from (5) ) :
2 s % + o =— L+ o2,

and the zeros of [, + %, 2 are given by
2 l_l
—p=gt,

so that now at a zero |¢| > 1. Thus the zeros of I;+ ﬁl CZ‘ are in L,and
therefore In (I, 7, (2) is holomorphic in R. Therefore if ¢ isin L,
¢1n(l—;+ﬁlaz)do':0. (8)
c—C

Y

We can write (4) in the form B

P WEz) + 22 WE(z) + @' W E) + & WEE)

= (—pAy— po Ao+ T A+ ) Ino
! n

—prdyIn (I + 2] — pody In (f+ 22)

— g4, In <Zl + 7y O’Z) — oA, 1n (72 + 7y 0‘2)
and the coefficient of Ino is zero from 7.36 (3). Multipl?cr by
dof/[2ni (0 — )] and integrate round . Using (7) and (8) , we ge

DLW (z) + ' Wi(z) = — $1 411 (1 + T:%a”> —p24zIn (1 +7%)
Similarly from (3) we get )

BWHE) + 6 Wil) = g Ayl (1+5) —gu Ay 1n 14+ -5
and therefore

Wi(z) = — 4, In (1 + 7’%—) . Wi(z) = —4,1In (1 + Z%C>
Combining this with (1) and 7.6 (3), (5) we get
W (zy) = A;In (4¢) = 4, In [—; <z1+ f - bzﬂ .
Differentiating, we get finally
W) = omeer . Waltd m e, )

—_——— 2__ a2 A2p2
Vi —ar— A0 e A
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where 4, and 4, are determined by 7.36 (3), (4). If we now let a, b tend
to zero, we arrive at the standard concentrated force of 7.38, which
may therefore be regarded as the limit of a force applied to the centre
of an imbedded rigid core whose diameter tends to zero.

Consider now the case where the core is acted upon by a couple of
moment M.

Such a couple will twist the core through a (small) angle ¢ so that
the displacement at the boundary will be

vp= gt ivg= isz = iem(o) = +ei [(u +ho+ “;”]
and the boundary condition (2) is replaced by
P Wil(a) + o Wl2s) + @' W, 1Z) + 3o W,(Z) = 41em (o) . (10)

Here as no force is operative and the plate is unloaded at infinity ‘W,(z,),
‘W y(z,) are holomorphic in L and may be supposed to vanish at infinity.
Multiply (10) by do/[277 (0 — ()] and integrate round y. Then

D1 Wilz) + 02" Wo(z,) =214 ¢ a? b

Similarly from the conjugate of (10)

\ 3 . b
7 Wilz) + ' Wy(z) = —27e a—g .

Solving these we get

L —
\W (21) L_ Zl ml(C) L 2 ﬁz (a _‘_ b) + Qz (a b) (11)

¢ ' P192— P21 d
\ telL . b 3
Wil = “7 %, m=mll), L=a PEERELEZD

We have now to relate the moment M to the angle ¢, to which end
we use 7.2 (2). We have

W (z,)= / Wiz)dz,=1ieL, f dg_zeL (l Inl+ 2@2)

Only logarithmic terms contribute to the moment given by 7.2 (2) and
therefore

M = 5 sm{Lihy+ Lyly+ Iyl L0} = Ne, (13)

say, and therefore we have ¢ when M is given or M when ¢ is given.

7.74. Stretched plate containing a rigid core

When the plate is stretched by constant tension at infinity, a rigid
elliptic core supposed welded to the plate will undergo rotation & and
a translation, which as in 7.72 can be disregarded, for it does not affect
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stress. Thus we shall have

‘Wi(z) = B Z1+\W*(21) ‘Wy(29) = Baza+'Wi(2,) , (1)
where B, B, are determined by 7.86 (7)—(9) in terms of the given
constant stress at infinity, and ‘W¥(z,), ‘W5(z,) are holomorphic in L
and without loss of generality may be taken to be zero at infinity. As
in 7.72 the displacement at the boundary is v (o) = 1em (o) and therefore
at the boundary B

P1 Wi(n) + 0 Wi(z) + gl‘WT(El) + 7' W5 (z)
= —p1B12— P Bata— 613151— 7, By7,+ 4iem (o) -

Now from 7.72 (5), on the boundary

(2)

1 : 1 :
zlslla—i—%, 22—1204—“—2 L= (a—1iD), nl=—~2-(a+Mlb).

2
Multiply (2) by do/[27/(o — ()] and integrate round y. Then
i 3
b W () + p2" Wi (2) 1 1 (3)
= —{p1Biny+ Py Bytiat 91B1l1+ 5Byl,—4ie - (a—- b)} z
Py
= — T say.
Similarly from the conjugate of (2)
P,
@ Wi(z) + ' Wiz) = —7 4)

where o 1 \
P2=——{qIBl7L1+ s Bay+ DiBily+ PoBaly+ dre5 (@ + b)] )

Solving (3) and (4) we have

I

—qg, P, 1
W) = L= 08 L —m(0)

P192— P21 &: (6)
P,— p, P 1
W) =S =)

This determines Wy(z;), Wy(2,) in terms of known coefficients and e. To
find ¢ we must express the condition that the moment exerted on the core

is zero.

Since
‘WT(Zl) =L, L= (paPa— 92 P1)/(P192— $292) (7)

Ly, 1 n
Wi = [Ran=1, [ 7 (a— ﬁda—azmc+ o

Since the only contribution to the moment arises from the logarithms,
for zero moment 7.2 (2) gives )
LiL+ Loly— f/lll— Lyl, =0, 8)

which on substitution furnishes the value of e.
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Examples VI

1. A certain board of oak has the constants

o e =gy

all m§asured in mm?*kg. Prove that two roots of the characteristic
equation are approximately

A=16794, 1,= 09717 .

2. In the foregoing example find the new elastic constants when the
axes of reference are rotated through 45°. ‘

3. Find the roots of the characteristic i
equation whe
Ex. 1 are turned through 45°. ¢ when the axes of
111
4. Evaluate the determinant|a » ¢

a% bt c?

5. Assuming the cyclic function of ‘W. (z) t )

i o be 271 (phyz+ A))
find the cyclic functi " why nora) -
o \\Wl(zl)?] unction of “W,(z,) and hence deduce the general form

6. Find the condition that in anisotropi i i

1c mat i

shall be rotational only. ’ aerial the dislocation

7. f}ssummg By= B, find explicitly the real and imaginary parts of
By, B, in the case of constant stress £, TVoor Voo at infinity

8. Cglculate explicitly the real and imaginary -parts of B, B, in the
case of simple tension 7 at angle « to the x-axis. v

9. Stzéndard concentrated forces X + 7Y, —X — i Y act at the points
Zy, —Z,. Calculate the stress distribution at th igi
e a e origin, and at the

IO ?[‘hree standard.concentrated forces of equal magnitude are in
equilibrium when apphed at the vertices of an equilaterial triangle
Calculate the stress distribution at the mid-point of a side of the tn’angle‘

11. A half-plane is subj in 222 '
plane is subject to pressure P sin Zﬂ over the interval

between z= —a and z = i

pee nd z=a of the boundary. Find the stress at any

. Forces X +iY at 2=a, —X —4V at 1= —g4 are applied at the

edge of a half-plane. Cal.culate the stress distribution on the y-axis.
12. In the case of a hair crack in a plate under simple tension in the

d. € i n f e CraCk ve t € stresses a € enc (o] “1
1rection of th 9 pl (6] a
. - . . S (-} Crack
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13. Obtain the relations between complex variables, say 2,2y, 2,
by eliminating x, y between
X4+ My—zu=0, x+Ahy—7=0, x+iy—z=0.
14. Express #%, §9, 47 by means of the stress combinations 0,
®1, 2 qjly 20 . .
15. Show how to eliminate from the equations of motion the effect

of steady rotation about a fixed point.
16. Determine in what conditions the moment M is given by

4M = Re ["Wy(a) + " Wyleo) + " WaE) +" WalEa)lo

for a closed circuit C.
17. In the case of a plate subjected to tension at infinity defined by

constants By, B,, show that the rotation at infinity is zero if
(11— 6191) Bi+ (yapo— 0295) Ba— (@6:— P17 By— (§:0,— Da72) B,=0.

18. In the case of an elliptic hole in an infinite plate loaded with
hydrostatic pressure p at the edge of the hole, find the hoop stress at
any point of the boundary and discuss its maximum value. Find also
where the hoop stress is least.

19. Discuss the hoop stress distribution round an unloaded elliptic
hole in an infinite plate subject to simple tension T at angle o to the
major axis of the ellipse.

Find the points of maximum hoop stress in the cases « = 0, o = 7/2.

20. Find explicit expressions for 4, and 4, in the case of non-
dislocational solutions under force X + Y. '

21. Find the stress distribution when an elliptic hole in an infinite
rigid plate has an elliptic plug of anisotropic material forced in to fill the
hole, but which is free to slip at the boundary.

22. An infinite plate under simple tension T is weakened by an
unloaded elliptic hole. Show that when the tension is parallel to the
x-axis,
2i6T a—ilb
h=h 4 VEIH @+ 25}

Find the corresponding form of ‘W,(z,) and determine the constants
Bla, B,

23. In the preceding example if the tension is parallel to the y-axis,

show that

‘Wilz) = B(lx) 21—

22aT a—1Ab ~
h—ts g+ eI+ @+ 69}

24. In the case of a hair crack of length 2a along the x-axis ir% a
plate under simple tension 7" along the y-axis, show that at a point

‘Wilzy) = B(ly) +
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(%, 0) of the crack, the stress component ¥ is independent of the elastic
constants and has the value '
a’T
Vir—ay (v + V(=)
25. An infinite plate otherwise unloaded has an elliptic hole, an
arc of whose perimeter is subject to uniform hydrostatic pressure p.
If the ends of the arc correspond to the points 0,=e%, g,= ¢'% on the

unit circumference on which perimeter is mapped, show that the force
X + 1Y on the arc has components

5y=T+

X =0bp (sinf,—sinh,), Y = ap (cosf,— cosh,)
and find the complex stresses.

Show how the case of a concentrated force may be deduced by a
limiting process.

26. At the extremities of the minor axis of an elliptic hole in an
otherwise unloaded plate there act forces ¢ P, —i P respectively. Prove
that at the extremities of the major axis

e £ BB
ry= nb BB
and examine the isotropic case.
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contour, sense of description 52
core, hypotrochoidal 162
cracks, collinear 77 —82
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cracks, spreading of 157, 195, 198
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